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Summary
Large part of world monumental heritage and many existing structures (e.g. public and
private buildings and bridges) need structural intervention to be preserved and protected from
ageing, fixing all the vulnerabilities that, especially in case of seismic events, may lead to serious
consequences. The use of externally glued fiber-reinforced polymers (FRP) as reinforcement
to overcome the tensile deficiency of quasi-brittle structural members (e.g. concrete beams
and shear walls or masonry arches and vaults) has gained great popularity during the last
years. Experimental and theoretical studies demonstrated that, among the different failure
mechanisms observable in this kind of glued joints, one of the most important is the debonding.
It occurs when the shear capacity of the system is reached and a crack develops underneath the
bond plane a few millimeters inside the substrate, causing the detachment of the composite
element.
The debonding failure is extremely brittle and can be considered as the results of the
accumulation of damage in a limited number of critical zones, corresponding to the joint
interface where the bonding stresses between reinforcement and substrate are exchanged.
Consequently, a deep understanding of the stress transfer mechanisms taking place at the
interface level and the related problems is mandatory for a safe and correct employment of
this technique.
In the present work the interface behavior of FRP joints is studied by means of experimental
and numerical studies. In particular, a new single-lap test setup is proposed in order to stably
follow, for the first time, the entire failure process, usually not completely available due to its
unstable and brittle nature. By means of this setup, two experimental campaigns, the first on
concrete and the second on ancient masonry, are performed. The test results highlighted a
dependence of the global behavior from the initial bonded length and suggested the presence
of non-negligible stresses orthogonal to the bonding plane as possible responsible for such
peculiarity. Moreover, comparing the results on concrete and on masonry, it has been shown
how, for this latter kind of substrates, the behavior is strongly influenced by the material
texture and composition.
To simulate the effects of the interaction between normal and tangential stresses, a novel
cohesive zone model based on a coupled normal-tangential interface law is presented. Then,
the model is validated by means of comparisons with well established models and experimental
data from literature. Finally, the results has been debated, highlighting in particular the effects
on the failure mechanism and on the bonding strength along the bonded length.
Furthermore, the problem of the fatigue failure behavior is addressed. A new thermodynam-
ically consistent numerical model is formulated coupling damage and plasticity and assuming
pure shear loading conditions. Two damage parameters were introduced, while a linear soft-
ening function is defined into an ad-hoc admissible states domain ruling the plastic behavior.
Comparisons with experimental data from the literature confirm the validity of the model and
its accuracy in predicting the global behavior of an FRP reinforcement subject to cyclic loading.
Finally, taking advantage of new experimental studies and starting from theoretical consid-
erations, a modified practical design formula for the debonding capacity for FRP reinforcements
applied on masonry substrates is proposed. A database of bond test results between fiber rein-
forced polymer and masonry is collected and, after an overview of the design rules at disposal,
an alternative formula is calibrated using statistical methods. The main parameters influ-
encing the ultimate load are defined through a correlation analysis and different assessment
approaches are accounted for. The proposed approaches are then discussed highlighting the
improvements with respect to design formulas available to date.
“Tell me and I forget, teach me
and I may remember, involve me
and I learn.”
Benjamin Franklin
Politician, 1706-1790
“I don’t want to be that guy
mumbling into his drink at a
bar.”
Bill Murray
Actor, 1950
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R Thermodynamical force associated
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value for the G-ESD outliers research
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s Relative displacement in tangential di-
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and the substrate, namely slip.
s1 Slip corresponding to the maximum
bond stress attainable τmax.
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face.
sel Elastic part of the slip.
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sign(ξ) Sign function.
t Time variable.
t∗m Effective depth of the substrate.
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tf,eff Effective of measured thickness of the
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ment.
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degrees of freedom (i.e. d is the sample
size).
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displacement.
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v Relative displacement in normal direc-
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to the maximum normal stress attain-
able σmax.
v2 Ultimate opening displacement in nor-
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w Generic displacement jump.
wi Weigth of the i
th value in a wighted
statistical regression (Sect. 5).
X(α,R) Thermodynamical force associated
with the internal hardening or soft-
ening variable.
YK Damage source related to the fatigue
loss of bond strength.
Yτ Damage source related to the fatigue
stiffness degradation.
A(x,y(x)) Matrix associated with the differential
equations problem.
B0 Matrix associated with the boundary
conditions at the free end.
Blb Matrix associated with the boundary
conditions at the loaded end.
Greek Symbols
α Internal plastic hardening or softening
variable.
αoutl Significance level of the G-ESD outliers
research test.
βi Generic exponent to be applied to the
compressive strength of the substrate
in the formula defining the maximum
debonding force attainable as calcu-
lated at the ith statistical regression
(Sect. 5).
βoutl Confidence interval of the G-ESD out-
liers research test.
α Non-zero part of the imposed right-
hand-side vector term.
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1Synopsis
1.1 Introduction and general framework
Large part of world monumental heritage and many existing structures (e.g. public and
private buildings and bridges) need structural interventions to be preserved and protected
from aging, fixing all the vulnerabilities that, especially in case of seismic events, may
lead to serious consequences. In the last years, a few standard codes [14, 15] dealing with
strengthening, rehabilitation and seismic assessment of monumental structures have been
developed. One of the widely accepted key aspects of these guidelines is the adoption
of low invasive and high efficient strengthening techniques, in order to keep intact the
historical and artistic goods stored and conserved in such monumental buildings. The
low-invasiveness concept finds its relevance also in existing buildings (private or public),
since it permits to retrofit and restore structures generating minimum drawbacks to the
users, thus limiting the economic impact of the interventions.
Some recent structural restorations [16, 17] demonstrated that the adoption of Fiber
Reinforced Polymer (FRP) as external strengthening ensures the respect of the afore-
mentioned properties. In fact, the high resistance of the fibers employed and their low
weight-to-strength ratio made of this technique one of the most attractive to overcome
the tensile deficiency of quasi-brittle structural members (e.g. concrete beams and shear
walls or masonry arches and vaults). These circumstances stimulated in the last years
the study of new numerical and analytical models to understand the ultimate behavior of
this kind of reinforcement. Simultaneously, experimental and theoretical studies clarified
different aspects of the behavior of the externally glued FRPs. In particular, it has been
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demonstrated that, among the different failure mechanisms observable in this kind of glued
joints [18], one of the most important is the debonding. It occurs when the shear capacity
of the system is reached and a cohesive crack nucleates and develops underneath the bond
plane a few millimeters inside the substrate, causing the detachment (or de-cohesion) of
the composite element.
The debonding failure is extremely brittle and can be considered as the results of the
accumulation of damage in a limited number of critical zones, while, usually, the remain-
ing parts of the structure remain in elastic regime. These zones, where the damaging and
failure processes are depleted (i.e. the process zones) and the bonding stresses between re-
inforcement and substrate are exchanged, correspond to the joint interface. Consequently,
a deep understanding of the bonding behavior is essential to provide design rules which en-
sure the prescribed safety requirements from both serviceability and ultimate standpoint,
as also mentioned in some design guidelines [8–11, 19].
1.2 Aims and objectives
The present work is focused on the interface behavior of the fiber-reinforced polymers
(FRP) composites externally bonded on quasi-brittle materials, i.e. concrete and masonry.
The problem of debonding failure is investigated by means of experimental and numeri-
cal studies. Particular attention is paid to the full-range development of the debonding
crack and to the effects of cyclic loadings and peeling stresses (i.e. orthogonal to the
bonding plane). In particular, both the fracture mechanics processes as well as the failure
mechanisms are deeply investigated.
Concerning the concrete substrate, the effects of the bonded length on the global
behavior are experimentally investigated and a new test setup is designed and validated in
order to overcome some drawbacks of the setups available to date. The same apparatus is
used to study various peculiarities of the bonding behavior of FRP-masonry joints, trying
to overcome a knowledge gap regarding the FRP effectiveness that separate masonry from
concrete substrates. As a matter of fact, for this latter, many studies are available, while
the interest for the FRP reinforced masonry has grown up only recently. The effects of
mortar joints and the role of the micro-structure and texture of the masonry substrate on
the maximum debonding load is herewith faced, especially in the case of ancient masonry.
2
1.3 Outline of the thesis
The main goals of the present work are essentially three. Firstly, the development of a
new numerical tool able to correctly reproduce the interactions between: (i) the damage
at the interface level, (ii) the mode-mixity of the fracture propagation process and (iii)
the failure mechanisms exhibited by this kind of joints. The second aim is to propose a
new simple model able to predict the fatigue behavior of an FRP glued joint. Finally, the
third goal is to calibrate new design formulas to correctly predict the debonding load of
FRP reinforcement externally applied on masonry substrates.
1.3 Outline of the thesis
To illustrate the work performed, here a brief explanation on how this thesis is orga-
nized is given.
In Section 2, the main topics related to the externally glued FRPs mechanics and
employment are introduced. Moreover, a brief state of the art concerning the experimental
and numerical studies available to date is given. The major open issues that lead to the
present studies will be highlighted as well as some problems not yet solved that can
constitute a natural development of the present work.
In Section 3, a new single-lap test setup is proposed in order to permit to stably
follow the entire failure process, usually not completely available because of its unstable
and brittle nature. Main peculiarity of the proposed setup is the driving technique, which
permits to obtain the entire equilibrium path highlighting how it is dependent from the
bonded length. Two experimental campaigns, the first on concrete and the second on
ancient masonry, are performed, showing that, decreasing the bonded length, there is a
transition in the post-peak phase of the tests form an unstable behavior (i.e. snap-back) to
a softening branch. Furthermore, in both concrete and masonry a “two-way debonding”
is observed in specimen with a bonded length greater than the effective bonded length
(i.e. the minimum bonded length that allows to reach the maximum debonding force).
This mechanism involves a debonding crack that firstly nucleates at the loaded-end and
propagates toward the opposite side, thus reducing the bonded length. When the snap-
back regime is reached, the propagation of the first crack stops and a second crack starts
at the free-end of the plate while the central part of the joint interface is still sound.
Then, the second crack propagates toward the loaded-end until the complete detachment
of the reinforcement from the substrate. Differently, for short bonded length a unique
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crack nucleating at the free-end and propagating toward the opposite side is noticed.
The changes in the failure scheme between “short” and “long” specimens are related to
out-of-plane displacements causing non-negligible peeling stresses (i.e. orthogonal to the
bonding plane) arising at the free-end of the reinforcement during the post-peak phases
of the tests. Thus, as the bonded length decrease the debonding cannot be considered
uniquely a mode-II (i.e. pure shear) fracture process, but mode-I (i.e. opening) influence
becomes more prominent leading to a mixed-mode mechanism. Such evidence is also
confirmed by the fracture energy, which diminishes changing from long to short bonded
lengths, and by the maximum shear stress attainable that decreases in those areas where
out-of-plane displacement are observed. In addition, for masonry substrates, the tests
point out some differences in behavior in comparison with concrete, although the main
mechanical processes are similar. Indeed, for masonry some peculiarities related to the
texture (e.g. presence of heterogeneities) and the permeability to the glue of the substrate
are noticed. These parameters have a role in governing both the debonding behavior and
the volume of substrate involved in the stress transfer process, leading thus to a variation
in the fracture energy at disposal that is not accounted for in the models available to date
in literature. Finally, it is pointed out how the mortar joints, even not responsible for
a change in the maximum pulling force attainable, trigger some peculiarity in the local
behavior in comparison with composites applied on bricks only.
In Section 4, is firstly summarized a model to simulate the joint behavior between
FRP and quasi-brittle materials under the hypothesis of pure shear loading (i.e. mode-II
process). Then, a novel cohesive zone model based on interface laws coupling tangential
and normal (i.e. peeling) behavior is formulated to reproduce the effects of the mode-
mixity on the global behavior as well as on the failure mechanisms. To the purpose, a
cracking criterion governing the interface strength in normal-tensile and tangential direc-
tion is introduced, while the complete debonding is ruled by an energy-based criterion
providing mode-I and -II fracture energies at disposal. The softening branch of the in-
terface law is controlled by a scalar damage parameter, defined on a global cohesive law
relating a total displacement with an equivalent stress. The model is then validated
through comparisons with performed and published experimental tests. Improvements
with respect to available models are then illustrated and discussed. In particular, differ-
ently from classic models available in the literature, the proposed approach can reproduce
the failure mechanisms observed during the experimental tests as well as the change in
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the interface strength along the joint (i.e. the interface law is not unique along the glued
length). Finally, after a brief introduction to the models devoted to the simulation of
the cyclic behavior of the interfaces, a new numerical interface model is proposed. The
interface behavior is described by means of a coupled plastic-damage model based on
a bi-linear cohesive law. Moreover, to account for the loss of strength at the interface
level due to both monotonic and cyclic loadings, an asymmetric elastic states domain is
defined, whose lower limit (or lower yielding conditions) is always set at τ=0 while the
upper one (upper yielding condition) changes coherently with the experimental evidence.
To the purpose a linear isotropic softening law as well as an evolution law for the damage
parameter is adopted, further, a softening-dependent kinematic hardening is defined as a
natural outcome from the hypothesis of non-negative bond stress. Once more, the model
is validated using experimental results available in the literature and its capabilities to
predict the fatigue interface behavior are debated.
In Section 5, an overview of the design rules available to date is given and their
capability to correctly predict the maximum load attainable in an FRP-masonry bond
test is statistically assessed. Then, following what suggested by the Eurocode 0 [20] and
taking advantage of new experimental studies and theoretical considerations, a modified
semi-empirical design formula for the debonding capacity is proposed. In particular, the
main parameters influencing the ultimate load are defined through a correlation analysis,
while a novel empirical power relationship is introduced relating compressive and tensile
strength to avoid direct dependence of the maximum debonding force from the latter. Dif-
ferently form the Italian guideline CNR-DT 200 [8], which is taken as the only guideline
providing a specific section for the design of FRP-masonry reinforcements, here the em-
pirical coefficient calibrated on the collected database of experimental results are directly
stated into the relationship providing the maximum debonding force. The proposed ap-
proaches are finally discussed highlighting the improvements with respect to the available
design formulas.
In Section 6, the major evidence arisen during the development of the present work are
summarized and the principal results debated. To conclude, future possible developments
are illustrated in detail.
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2State of the art
Abstract
In this section a brief introduction to the major issues related to the FRP external
reinforcements behavior is given, trying to highlight the most important knowledge
gaps to date. Starting from experimental evidence, the major parameters involved in
the failure of the glued joints are defined. The principal mechanical models (numerical
and analytical) are described with particular attention to fracture mechanics approach
and cohesive crack theory. Finally, some relevant issues and special problems needing
more investigations are addressed.
2.1 Physics of the failure process
As introduced in Sect. 1, FRP reinforcements are commonly used to strengthen and
retrofit existent buildings (see for instance Refs. [16, 17, 21–23]). In externally glued
reinforcements a thin layer (in the range of about 1–2 mm for single layer applications to
3–4 mm for multiple layers applications) of composite is glued by means of epoxy resins
in zones of structural members liable to tensile failure or cracking (see [24, 25] among
others).
Since the very high tensile strength of the fibers employed, the most important failure
mode is related to the loss of adhesion of the reinforcement [21, 26]. Usually, de-cohesion
takes place inside the substrate suggesting the debonding as one of the major failure mode
[3, 18, 27–30] (case A Fig. 2.1). It occurs when the stresses at the interface level reach the
shear capacity of the reinforced system and the FRP fabric is detached from its support.
Other detachment schemes are represented in Fig. 2.1 and are: the shear failure of the
adhesive (case C Fig. 2.1), the delamination that takes place along the surface separating
7
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Adhesive
Composite
Figure 2.1: Different kind of failures in a glued joint (A - Debonding; B - Adhesive-substrate
delamination; C - Shear failure of the adhesive; D - Adhesive-composite delamination; E -
Fiber-matrix interlaminar failure).
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Figure 2.2: General scheme of a pull-out test: (a) geometry; (b) static scheme.
two distinct domains (e.g. FRP-adhesive or adhesive-substrate, respectively cases B and
D Fig. 2.1) or phases (e.g. fiber-matrix interlaminar failure, case E Fig. 2.1).
For the practical employment of such technique it is unavoidable to pass through the
experimental characterization of the strengthening effectiveness [8–10, 29, 31]. Pull-out
tests are commonly used to the purpose [2, 25, 28–33]. In the literature different test
setup have been proposed during the years, both dealing with the in-situ characterization
and the laboratory tests. A brief review of the principal tests and the related problems is
given in par. 2.4 (see Refs. [12, 30, 34, 35] for a comprehensive review). Generally, each
test setup allows to apply a tensile force to a composite plate or sheet glued on a face of
a properly restrained supporting prism, until the complete detachment of the composite
from its substrate. A common type of test is schematically represented in Fig. 2.2.
During tests, the force F and the displacement of its point of application δp (i.e.
the displacement of the actuator of the testing machine) together with the displacement
of the first loaded section of the FRP glued area, namely the loaded end, δ1 (Fig. 2.2)
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are usually recorded, as the strain measured over the glued length of the reinforcement
[2, 3, 25, 30, 32, 33, 36–38], i.e. εi measured at xi from the free end (Fig. 2.2b). This
permits to obtain the main peculiarities related to the failure process [8–10, 29, 31], as
the global equilibrium path F − δ1 (Fig. 2.3), the peak load Fˆ and the strains profiles
(Fig. 2.4).
(b)(a)
d d1 p, d d1 p,
F F
Numerical d1 Numerical d1
Numerical dp Numerical dp
Test d1 Test d1
A
O O
B D
E
F
C
C’
Figure 2.3: Global equilibrium paths of a pull-out tests: (a) long bonded length; (b) short
bonded length.
A
B
C
D
x
e
Figure 2.4: Typical strain profiles at given instant of the pull-out test for a long bonded
length specimen (points are indicated in Fig. 2.3a).
The equilibrium paths are different for specimens with different bonded length [3, 39–
41], namely “long” bonded length displays a snap-back behavior (Fig. 2.3a) while “short”
bonded length are characterized by a softening post-peak branch (Fig. 2.3b). More in
detail, for long bonded length there is an initial linear ascending branch (segment O-B in
Fig. 2.3a) followed by a short non-linear path (segment B-C in Fig. 2.3a) where the load still
increase until reaching the peak load (segment C-C’ in Fig. 2.3a). Meanwhile, along this
latter branch, the debonding crack nucleates at the loaded end and it starts to propagate
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toward the opposite side. After the peak, a sub-horizontal plateau is usually present
associated with a precarious phase where equilibrium is affected by frequent load drops
(Fig. 2.3a). This peculiar response is due to propagation of the debonding crack which
takes place in spots, where instantaneously the crack experience a widening of some tenths
of millimeter [32], as pointed out by the subsequents crack fronts in Fig. 2.5 (highlighted
with white dashed curves). The post peak stage is characterized by an unstable snap-back
behavior where both the load and the displacement decrease (segment C’-E in Fig. 2.3a).
It ends with an almost horizontal branch (segment E-F in Fig. 2.3a) where the residual load
carrying capacity is principally due to the friction within the asperities of the debonding
crack. In this phase the definitive failure of the reinforcement occurs. For short bonded
lengths the initial ascending branch is similar to the one observed for long bonded lengths,
but after the peak load a softening behavior is present instead of the unstable branch [39]
(Fig. 2.3).
The different behaviors of long and short specimens has been clarified by means of
numerical simulations [39–41]. This studies confirmed that the nature of the equilibrium
path depends on both the bonded lb and the unbonded lub = L − lb lengths of the plate.
Indeed, if the bond length lb is short (compared to the effective anchorage length leff ),
debonding occurs gradually and the pull-out curve F − δ1 displays a softening branch
(Fig. 2.3b). However, also in this case, if the plate is clamped far from the edge, the
unbonded part of the plate stores a big amount of strain energy. When debonding occurs,
the load is reduced and the strain energy, which is suddenly released, causes a snap-back
in the F − δp diagram (Fig. 2.3b). In other words, when debonding occurs, the elastic
shortening of the free plate caused by unloading prevails against the elongation δ1 produced
by slippage of the bonded plate, and their sum δp diminishes.
If the bond length lb is long enough, the snap-back in the curve F − δ1 (Fig. 2.3a) can
be explained considering that, when debonding propagates from the loaded end to the free
one, the unbonded part of the plate releases the stored strain energy like in the previous
case.
The strain measurements are used to observe the local behavior, in particular the
progress of the debonding process and the stress transfer at the joint interface [2, 3, 6]
(Fig. 2.6c). It must be clarified here that, in this case, interface just means the surface
separating two distinct domains, such as the reinforcement (i.e. composite plus adhesive)
and the substrate.
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Figure 2.5: Propagation of the debonding crack in spots. Crack fronts are highlighted with
white dashed lines.
Figure 2.6: FRP reinforcement after a pull-out test. (a) side view of the debonded plate;
(b) front view of the debonded plate; (c) different layers of the glued joint.
Considering Fig. 2.4 it is observable how during the linear ascending branch of the
equilibrium path the strains monotonically increase from the free end toward the loaded
one following an exponential-like trend [36, 39] (curves A, B in Fig. 2.4). Such variation,
stating the linear elastic behavior until rupture of the composite material (see par. 3.2.1.3),
accounts for the stress-transfer across the interface [25, 42, 43], as schematically reported
in Fig. 2.7. Reaching about the 60-70% of the peak load Fˆ , in correspondance of the
segment B-C in Fig. 2.3, at the loaded end the rate of increase of the strains starts to
reduce pointing out a minor effectiveness of the transfer mechanism due to the nucleation
11
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of the debonding crack [3, 6]. At the peak load and for the entire sub-horizontal plateau
the debonding and its propagation are denoted by the nearly absence of variation in the
value of two subsequent strain gauges, making thus the strain profile flat [25, 36, 37, 39]
(curves C, D in Fig. 2.4).
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Figure 2.7: Stress transfer mechanism in a glued joint.
Whether the debonding crack develops and propagates only inside the substrate ma-
terial (as reported also in [3, 25, 28, 30, 37]) is evident from Figs. 2.6a,b and 2.8. In this
latter, two specimens are shown, namely a long (Fig. 2.8a) and a short (Fig. 2.8b) bonded
length specimen, which display, in addition to different equilibrium paths as previously
explained (Fig 2.3), different profiles of the detached substrate (as also reported in [33]).
In long bonded lengths, besides a central portion displaying a uniform and thin layer of
material detached, at the ends of the glued portion of the plate bulbs of material are
removed. This kinking of the debonding crack suggests that in these regions takes place a
change in the direction of the principal stresses, therefore the stress-transfer can be related
not only to shear stresses but also to normal stresses. Differently, short bonded lengths are
mostly characterized by a unique bulb with increasing thickness from the free end toward
the loaded one (Fig. 2.8b). This evidence imply that out-of-plane stresses can participate
to the failure mechanism.
Another peculiarity related to the bonded length of the externally glued FRP rein-
forcements, is the presence of a value of the bonded length over which if it is further
increased the peak load does not. Indeed, it has been extensively demonstrated by many
studies ([3, 25, 39–41, 44–46] among others) that, assuming constant value for all other
12
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Figure 2.8: FRP reinforcements detached from the support prism: (a) long bonded length;
(b) short bonded length.
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Figure 2.9: (a) Relation between bonded length and peak load Fˆ . (b) Evolution of the
strains profile during debonding and identification of the effective bonding length leff .
parameters, the peak load Fˆ experiences a sub-linear increase with the bonded length
until a certain value, namely the effective or asymptotic bonded length leff for which the
maximum debonding force Fmax is asymptotically attained (Fig. 2.9a). In other words,
for a given plate width bf and mechanical characteristics of the reinforced system, the
peak load is upper limited by a well defined value Fmax that is reached for lb = leff and
it remains constant for each lb > leff .
The name effective bonded length is more related to the local behavior than to the
maximum force attainable, since it corresponds to the maximum attained length over
which the stress transfer is active [36], i.e. where the strain profile exhibit a gradient
(Fig. 2.9). Fig. 2.4 clearly shows how the classical S-shaped trend is assumed by the
strain profile along the effective bonded length [25, 36, 37, 39]. It has been shown (see
[36, 39] among others) that during the debonding, along the sub-horizontal plateau of
the equilibrium path (section C-C’ in Fig. 2.3a), the S-shaped part of the strain profile
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Figure 2.10: Transmission zone in different conditions: (a) leff fully established (i.e. long
bonded lengths); (b) leff full development prevented by the specimen edge (i.e. short bonded
length).
translate in a self-similar manner along the bonded length following the debonding crack
progression (Fig. 2.9b).
For growing values of the stiffness per unit width of the reinforcement (i.e. kf = Ef tf )
the effective bonded length value increases (see for instance Refs. [12, 45, 47, 48]), until
approaching infinity for an ideally rigid reinforcement. This means that the stress transfer
occurs in a narrower zone for soft plate compared to a stiff one.
The aforementioned evidence demonstrate the existence of a length over which the
perfect bonding between the FRP and the substrate is established (Fig. 2.10a) and that this
well defined length leff mostly depends upon the mechanical parameters of the composite
[44, 46, 47, 49, 50]. Indeed, if the bonding is short (i.e. lb < leff ) the stress transfer process
cannot attain its maximum efficiency and only a fraction of maximum force transmissible
from the plate to the substrate can be developed [39] (Fig. 2.10b). Differently, in long
bonded lengths, the transmission zone is fully established along leff , and after this, no
stress transfer takes place, i.e. no strain gradient is present (Fig. 2.10a). The peak load
Fˆ results thus limited by the amount of bond stresses transmissible along a portion of
interface with a length lb = leff (Fig. 2.10a).
2.1.1 Fracture mechanics approach and relevant formulations
From what stated above, it follows that the study of the debonding fracture propaga-
tion is mandatory to correctly understand the mechanics of the FRP external joints. To
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the purpose, it is possible to adopt the linear elastic fracture mechanics approach (LEFM )
[26, 45, 49, 51].
In materials like masonry or concrete the stable propagation of a crack is strongly
related to the tensile behavior and strength [52]. Indeed, differently from brittle mate-
rials, the stable propagation of a crack is ensured by a, even small, certain amount of
tensile toughness [52], this is the reason why these materials are commonly referred as
quasi-brittle. As reported in [52], it is possible to measure the resistance against the un-
stable propagation of a crack with the fracture energy Γf , which is defined as the energy
required to create a unit area of a crack. It can be conceived as the part of energy pro-
vided to the system that is dissipated by the separation process in a narrow zone ahead
of an imperfection or a crack tip, commonly called “fracture process zone” or “damage
zone” (Fig. 2.11). This is a transition zone where voids and imperfections of the material
trigger the nucleation of micro-cracks which, as the loading process advance, coalesce in a
macro-crack leading to the material separation. In that zone the non-linear dissipative pro-
cesses as plasticity, damage, strain softening and micro-cracking take place [41, 44, 49, 52]
(Fig. 2.11), while the other parts of the domain usually remain in the linear elastic regime.
Because of the displacement discontinuity introduced by the cracking process, in such area
is not possible to locally define a constitutive σ − ε law with or without work dissipation
Wd as in the remaining part of the domain [52] (Fig. 2.12). Instead a σ − w relationship
is used, where w is an additional deformation [52] conceived as a the displacement jump
across the crack smeared over the fracture process zone. The fracture energy Γf can be
defined as the integral of the σ−w relationship, i.e. its area (Fig. 2.12). Thus, the specific
energy dissipated during a generic loading process is composed of two terms, the internal
energy absorbed by the uncracked material Ue and the fracture energy Γf dissipated to
create a separation surface into the domain (Fig. 2.12).
The displacement jump w represents thus the relative displacement between two faces
of a crack. In case of FRP external joints it is the relative displacement between the plate
and the substrate, which in tangential direction (i.e. parallel to the bonding plane) is called
slip or s. Moreover, the σ − w relationship turns into a τ − s law defining the bonding
and the stress-transfer behavior of the joint. It is commonly called interface or bond law
and it must encompass all the major peculiarities of the bonding behavior [6, 53]. In
case of a perfect shear behavior, it has to define correctly the maximum stress attainable
(or bond strength) τmax and the corresponding slip s1 together with the ultimate slip
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Figure 2.11: Process zone ahead of a crack with the major dissipative processes.
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Figure 2.12: Cracked zone in a body with and behavior of the different domains.
s2 and, obviously, the fracture energy Γf (i.e. the area encompassed by the curve). In
particular, this latter is of primary concern in LEFM analysis of glued joints, being the
major parameter influencing the monotonic maximum load attainble Fmax [6, 37, 41].
It is worth to highlight that, the area where the displacement jumps w are present
corresponds to the process zone of Fig. 2.11. This identifies the bond law as a “constitutive
relationship” governing the behavior of a zone in which a σ − ε law cannot be defined
because of the presence of cracks and microcracks.
LEFM analysis is based on an energy balance between the external work furnished
to the system, and the energy released by the dissipative (or non-conservative) processes
[26, 45, 49, 51, 54]. Exploiting the pioneering work of Ta¨ljsten [49] and assuming that
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the joint is exposed only to shear forces (i.e. mode-II fracture process), all the materials
are isotropic, homogeneous and linear elastic and following the schematic representation
of a glued joint in Fig. 2.13 (i.e. the transversal effects are considered negligible over the
width bf ), it is possible to write a balance of work between the elastic internal energy Ue,
the external work Lext and the energy released by the crack propagation Lcr.
Ue − Lext + Lcr = 0 . (2.1)
FEf
t
f
s
f
s
s
t
s
l
b
l
f
FEs
ada
Figure 2.13: Scheme of an externally glued joint subject to shear forces and debonding crack
propagation.
By differentiating Eq. 2.1 with respect to the crack length a, it is possible to define the
fracture energy release rate G as
G =
∂Lcr
da
=
∂
da
(Lext − Ue) . (2.2)
The condition of incipient crack propagation, i.e. when the crack experience a widening
from a to a+da, can be stated introducing the fracture energy Γf that here clearly assumes
the role of a fracture toughness parameter, i.e. G = Γf ⇒ a→ a+da. Γf is also considered
as an energy associated crack resistance force because comes form differentiation of the
work to create a unit area crack.
During the crack propagation, the displacement jump of the system s = sf + ss
(Fig. 2.13) undergoes an increment of ds, thus
∂Lext
da
= Fds . (2.3)
Furthermore, because of the hypothesis of linear elastic materials, the displacement s can
be expresses as a linear function of the applied load F as s = FD = Fk−1, where D is
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the compliance of the system, i.e. the inverse of the stiffness k. Thus, the elastic energy
stored in the elastic materials can be assumed equal to
Ue =
1
2
Fs =
1
2
F 2D . (2.4)
It is now possible to express the incipient crack propagation condition, i.e. when a
widening of the crack length da occurs, as
Γf =
1
bf
(
F
∂s
da
− ∂
da
1
2
F 2D
)
=
F 2
2bf
∂D
da
, (2.5)
The compliance of the system can be simply expressed as
D =
lf + a
EfAf
+
a
EsAs
, (2.6)
where Af = bf tf and As = bsts are the cross-sectional areas of the reinforcement and of
the support respectively. Indeed, the force at which starts and propagates the debonding
until failure can be written as
Fmax = bf
√
2Ef tfΓf
1 + ρ
, (2.7)
where
ρ =
Ef tf
Ests
. (2.8)
In common applications, it is usual to consider ρ→ 0 because the thickness of the member
to be strengthen ts is much greater than the composite thickness tf that usually is about
of 1–2 mm [48].
The relationship of Eq. 2.7 has been validated in a number of studies (among others
[44, 45, 48, 49, 55]) and highlights the key role of the fracture energy Γf in the maximum
debonding load as well as the influence of the plate stiffness, confirming what previously
stated in par. 2.1. Indeed, for a fixed set of parameters, increasing the plate stiffness leads
to a longer stress transfer length and thus to a higher maximum debonding force Fmax.
Even if this is a very simple way to describe the debonding behavior it allows to
understand its main physical basis. Furthermore, it is worthy to note that most of the
more complicate and complete approaches degenerate, for the maximum load attainable,
in Eq. 2.7.
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2.2 Evaluation of the fracture energy
The evaluation of fracture energy in FRP external joints to predict the maximum
debonding load attainable is of primary concern [6, 25, 41, 44, 46], but, to date, not trivial.
Indeed, there is not a standard protocol to measure it from pull-out tests [30], and usually
it is back-calculated from Eq. 2.7 once the maximum debonding force is known [3, 56].
Nevertheless, it is well known that even apparently insignificant changes in the setups
or in the specimens preparation can lead to very different values of maximum debonding
force thus resulting in different values of Γf as well (see Refs. [30, 34, 35, 57–60]), even if
the fracture energy should be a property of the system independent from the test setup
or specimen features.
The situation is worsened by the impossibility, until now, to perform tests following
the entire debonding process because of the unstable and brittle snap-back behavior in
long bonded lengths (see par. 2.4 for a more detailed descriptions of this issues). In [30]
it is proposed to fix the free end of the reinforcement in a pull-out test to avoid dynamic
failures, but, even if this solution is effective for the snap-back related problems it does
not allow to observe entirely the failure process.
Furthermore, it is not possible to determine the effects on the global behavior of the
bulbs of material visible in Fig. 2.8 together with their formation. In particular, the role
of the out-of-plane displacement related to such bulbs need more investigations. They can
be representative for a mixed-mode fracture process, i.e. characterized by a non-negligible
influence of mode-I (opening) process, which can reduce the fracture energy at disposal
[61–63]. Indeed, it has been extensively demonstrated that the fracture energy in mode-I
is much lower than in mode-II [53, 64, 65] (see also par. 3.2). Concerning the interaction
between mode-I and -II in FRP glued joints there is a lack of studies in the literature,
especially from the experimental standpoint [66]. In fact, although for the pure shear
behavior a number of tests are available, only few studies are focused on mixed tests
[28, 57] (i.e. peeling tests).
To evaluate the fracture energy, different relationships calibrated on different databases
have been proposed in the literature [7–11, 67, 68]. In Sect. 5 an overview of the principal
formulas is given. One of the most common assumption is that, since the debonding crack
propagates inside the substrate only, Γf can be considered as a parameter of the substrate
material only, i.e. of the tensile ft and compressive fc strengths [7–11]. Anyway, such
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formulations are not given as a natural outcome of a test but are rather empirical or
semi-empirical, thus the scattering of the results can be very high. Once more, a standard
protocol to characterize externally glued joints and that permits to stably follow the entire
debonding process will be useful in solving this issue.
2.3 Cohesive crack modelling and interface laws
The LEFM approach based on the energy balance is quite intuitive as far asF it is not
taken into account the local softening response of the interface behavior. The analysis of
the full range behavior of the interface using LEFM is possible assuming a given crack
length a, and evaluating the stresses corresponding to such situation and the energy release
rate and, finally, following a Griffith type criterion [69] is possible to establish whether
the crack will develop stably or not [51, 70]. This imply that the LEFM approach is
subdivided in two phases: the stress analysis and the fracture propagation analysis [70].
Different models were proposed to overcome the aforesaid difficulties. One of the most
used is the cohesive zone model (see Refs. [71, 72] for a comprehensive overview of the
method), which permits to describe the full range behavior, from the nucleation to the
complete de-cohesion of the joint at once [61, 66, 70], i.e. in a unique phase by means of
a non-linear interface law, namely the bond law. Finally, it covers the gap between stress
and energy approaches that remain separate in LEFM method [46, 48, 66].
The cohesive zone or cohesive crack approach is very effective in those cases where the
crack path in known a priori. To the purpose, it is necessary to introduce a new concept
of interface, which is in contrast with the definition of area separating two distinct phases
of a system. Here the interface is conceived from the mechanical standpoint as the surface
over which the crack will develop separating thus two distinct domains of a body. The
debonding process between the FRP reinforcements and its quasi-brittle support takes
place with a crack usually located a few millimeters inside the substrate underneath the
composite and propagates parallel to the latter (see [3, 28] among others).
The cohesive zone approach is based on the fictitious crack theory (Fig. 2.14) [73–
76], which consider the interface subdivided in three different zones (as also reported in
[36, 37]): (i) a fully damaged zone; (ii) a stress-transfer zone and (iii) an undamaged
zone. These areas are coherently outlined with the mechanics of the problem illustrated
in par. 2.1.1, therefore the fully damaged and the undamaged zones are straightforwardly
20
2.3 Cohesive crack modelling and interface laws
defined as the zones where the two adherents are respectively completely separated or
undamaged, while the stress-transfer zone is the portion of the interface over which the
stress transfer takes place (Fig. 2.10).
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Figure 2.14: Fictitious crack approach to the crack analysis.
Basically, the fictitious crack approach accounts a virtual crack extension ahead of the
tip of the physical crack (i.e. the portion of the domain effectively separated, namely where
no stress can be exchanged between two adjoining surfaces of the body, Fig. 2.14). To
permit the analysis of the stress and strain fields in the neighborhood of the crack apex,
it is assumed that a certain amount of cohesive stresses act on the fictitious extension
of the crack (Fig. 2.14), accounting for the softening behavior of the damaged material
and avoiding thus the singularity at the crack tip provided by the classic LEFM theory
[73–76]. In other words, the cohesive zone can be conceived as a fictitious crack which
extends beyond the crack tip able to transfer stresses between its faces.
In cohesive interface models the process zone is lumped into the interface, thus a
constitutive law, i.e. the interface law, is defined governing the gradual de-cohesion of
the domains and the amount of cohesive stresses developed. Indeed, as two initially
superimposed points along the interface start to separate, namely when the displacement
jump (or gap) between the two increases, the cohesion (i.e. the capacity of the interface
to transmit stresses) gradually vanishes until complete separation (i.e. the crack is fully
developed and the two domains are detached). Differently, the bonding stresses (i.e. the
cohesive tractions) at first increase until a maximum value (i.e. a cracking limit) then
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start to decrease reaching zero at complete debonding [76]. The complete evolution of the
process is thus described at once, from perfect bonding to complete separation, with a
unique non linear interface relationship [61, 66].
During the years a number of models have been proposed by different authors ([6, 40,
45, 46, 48–50, 53, 61, 66, 77] among others). What makes the difference among different
studies is mainly the definition of the bond law (or cohesive law). As a matter of fact, most
of the models available to date are based on two simplifying assumptions about the bond
behavior. Firstly, the whole layer in which the effect of adhesion are depleted (compliance
volume or bulk layer) is lumped into the zero-thickness interface layer. Secondly, the
interface is considered subject to shear stresses only, neglecting thus the stresses normal
to the bonding plane (either in compression or in tension). If this hypothesis is not assumed
to hold (e.g. as in [53, 78]), the compressive behavior is commonly modeled by means of
an indefinite linear elastic law characterized by a very high penalty stiffness coefficient
to avoid interpenetration of the domains (FRP and substrate). Concerning the tensile
behavior, usually the coupling between normal and tangential stresses is neglected (i.e.
the magnitude and the behavior of the interface in normal direction is not affected by the
stress or displacement state in tangential direction and vice-versa). This lack of studies is
mainly related to the fact that, while for the tangential cohesive law significant amount
of experimental data are available, in normal direction very limited information are at
disposal [53]. Among others, it can be of interest to brief introduce some studies. Alfano
and Chrisfield [71] deeply investigated the mathematical and numerical implementation in
a finite element environment of cohesive zone models for FRP glued joints, debating also
some issues on convergence and numerical strategies to solve the non-linear debonding
problem. Alfano and Sacco [72] combined the damage process at the interface level with
the friction behavior among the faces of the debonding crack. Rabinovitch [61] proposed
a high order solution for coupled cohesive zone models based on the Xu and Needleman
interfacial potential. De Lorenzis and Zavarise [53] proposed a model with coupled mode-I
and -II energies for reinforcements subject to inclined loads; here the pure shear condition
could be seen as a particular case. Martinelli et al. [78] proposed a model in which the
interface laws in normal and tangential direction are coupled at the instant of cracking,
while the softening stage is ruled by the shear behavior only. Turon et al. [64] implemented
a coupled cohesive law into a finite element code to simulate the delamination of composite
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materials. Finally, a comprehensive review on numerical models for FRP debonding is
presented and debated in [66].
2.4 Experimental test setup
In order to mechanically characterize the bonding between FRPs and quasi-brittle
substrates, different bond-test setups were proposed in the literature. All of them are useful
to define the ultimate force that causes debonding failure, to experimentally calibrate the
bond-slip relationships and to measure the effective anchorage length leff . However, at
the moment a widely accepted bond test does not exist even if it is known that different
test setups give different results [30].
Setups can differ by many features. Firstly, boundary conditions play an important
role in the global behavior. Indeed, different restraints can induce either compression or
tension in the supporting prism, thus changing the failure mechanism and the maximum
debonding force [34, 40, 41, 79]. Further, according to [12, 31, 34, 35] bond tests can be
classified substantially depending on the test setup: double-shear tests, bending tests, and
single-shear tests.
In double-shear tests, two plates are glued symmetrically on the surface of a concrete
prism. An axial force is applied either to the plate or to concrete. In both cases the
debonding occurs differently in the two plates because of force eccentricities or imper-
fections at the interface level [30, 80]. For this reason, the symmetry of the system is
inevitably missed and the specimen displays a bending that may vary during the test
[30, 80]. This causes tensile stresses normal to the plate (called peeling stresses) that
reduce the bond strength [56].
In bending tests, the plate is glued at the bottom of a concrete beam and the tensile
force in the reinforcement is induced by specimen bending [59]. The bending of the plate
produces compressive stresses orthogonal to the plate, which increase the bond strength
[34, 59].
In single-shear tests a pulling force is applied to a plate that is glued to a concrete
block restrained by a suitable supporting system. Single shear tests seem to be less prone
to the aforementioned problems, thus they have been preferred by some guidelines [8, 9].
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2.4.1 Open issues on bond test setups
Some important issues are still open also for single lap shear tests. Recently, a Round
Robin shown that single-shear tests carried out with different supporting systems may
lead to an important scatter of the results [58, 81, 82]. Indeed, since the specimen is not
symmetric, the applied load produces a couple and the concrete block can rotate, i.e. the
load is applied with an initial angle. Some authors [34, 57], observed that even a small
loading angle (about 1◦ − 2◦) is able to reduce the bond strength. For this reason, the
specimens should be properly fixed and the rotations should be prevented or, at least
limited.
A second issue to deal with is the extreme brittleness of debonding failure, as also
briefly introduced in pars. 2.1 and 2.2. Usually single-shear tests are driven controlling
the force F or the displacement δp of the loaded end of the plate (Fig. 2.15). Both
the approaches permit to measure the peak load Fˆ . However, since debonding failure is
extremely brittle, the control of the test either driving the applied force or the loaded end
displacement driving technique is prematurely lost and the complete equilibrium path is
not available. Indeed, Fig. 2.15a shows where the control is theoretically lost controlling
the force or the displacement. Anyway, the unstable behavior of the sub-horizontal plateau
illustrated in par. 2.1 can trigger a premature failure also before, as stated in Fig. 2.15b.
In other words, it is not possible to observe the propagation of debonding up to a complete
separation of the plate from its substrate. To partially overcome this problem, in [30] it
was proposed to modify the single-shear setup by fixing the loaded end of the plate. In
this way it was possible to observe more complete tau-slip relationships, even if it did not
allow to observe the unloading branch of the F − δ curve as well as the local behavior at
the free end.
As illustrated in par. 2.1, the processes leading to the brittle behavior of the externally
glued FRPs were numerically analyzed, but the experimental evidence are lacking. Other
numerical investigations (among others [40, 83]) show that the displacement of the free
end of the plate δ2 increases monotonically in both long and short specimens (Fig. 2.16),
and, in principle, could be used to drive the test up to the complete debonding. However,
in the case of long bond length (Fig. 2.16b), the ascending branch of the curve reaches
the peak with displacements δ2 that are very small compared with δ1 (indeed the curve
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Figure 2.16: Snap-back in single shear test: (a) short bonded length lb; (b) long bonded
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2.5.1 Masonry substrates
It must be emphasized that there is a lack of studies concerning masonry. Indeed,
the mechanical processes related to the bond of the FRPs have been widely studied for
applications to concrete elements both from the experimental [25, 30, 36, 59, 84] and
the numerical point of view [85–87], but for what it concerns masonry, only a limited
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number of studies can be found in literature, either dealing with natural stone or clay
bricks substrates. As a matter of fact, some standard codes [7–9] adjusted the design
principles developed for concrete structures to masonry, even if these materials may present
different mechanical behavior (e.g. orthotropy of masonry and presence of mortar joints
representing discontinuities in the bonding plane, [37]). In addition, for masonry elements,
it is well accepted the hypothesis of limited influence of the mortar joints [8, 9, 37],
thus resulting that the bonding behavior mainly depends on the compressive and tensile
strengths of the units (natural stone or clay bricks). Nevertheless, some studies highlighted
an influence of the mortar joint in the local behavior, suggesting the possibilities that in
certain circumstances they could govern the debonding behavior, but this issue needs a
deeper investigation.
Furthermore, some recent studies points out that the the permeability to the glue of
the substrate can have a key role in the global behavior [38]. In particular, Aiello et al.
[88–90] focused their investigations on the bonding between FRP and two kinds of nat-
ural stone largely used to build masonry structures: Naples tuff and Leccese limestone.
These experimental studies revealed differences in the failure mode related to the adopted
material. More specifically, Leccese limestone displayed a very thin layer of detached sub-
strate compared with Naples tuff specimens. Therefore, the ultimate load values changed
using different kinds of stone. The differences between the two materials (Leccese lime-
stone presents high specific weight, limited dimensions and percentage of voids and higher
strength compared with Naples tuff) could justify changes in the bonding behavior, but the
role played by each single parameter is not completely defined. Some similar differences
were found in clay bricks masonry by Grande et al. in [38].
This aspect is more relevant for masonry than for concrete, since the first is highly
influenced by the texture, composition and porosity of the substrate. Indeed, in concrete
the cementitious matrix rules the crack propagation (i.e. usually the fracture does not pass
through aggregates but it involves the aggregate/matrix interface, Fig. 2.17). Further,
concrete texture and micro-structure, which is more or less the same even for different
types of cement, barely influence the bonding behavior once the compressive strength is
duly accounted. In masonry the heterogeneities (e.g. impurities and firing waste) lead
to a complex behavior since they have mechanical characteristics comparable with the
support material. Moreover, particularly for ancient masonry and natural stone, there
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are a wide variety of textures that may trigger peculiar behaviors because of either the
antique non-standardized production or the orogeny of the stones [38].
Despite the aforesaid evidence , usually experimental studies investigated the bonding
behavior of new bricks, which are produced with standard processes so to guarantee an
homogeneous production [28, 33, 37, 37, 88–92]. Conversely, less attention has been paid
to ancient clay brick or natural stones masonry (i.e. only a few studies are present in
literature, for example [33, 55, 91, 93]).
Figure 2.17: Propagation of the debonding crack at the aggregate/cementitious matrix
interface: (a) support block after debonding; (b) front view of the debonded plate; (c) side
view of the debonded plate.
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2.5.2 FRP behavior under cyclic actions
Despite the debonding behavior has been widely studied from both numerical and
experimental standpoint in case of monotonic loading ([25, 37, 48, 83, 94] among others),
to date, only little attention has been paid to cyclic loading, even if some relevant cases,
such as the strengthening of bridges or structures liable to seismic events, are of primary
concern [5, 95, 96]. Moreover, the experimental studies available on the cyclic response of
the FRP reinforcements usually deal with the behavior of reinforced structural members
[5, 95]. As reported by Carloni et al. in [5], one of the principal drawbacks of this kind of
tests is that they do not permit to characterize the fatigue interface behavior because of
many factors “filter” (i.e. influence) the final mechanical response (i.e. presence of tensile
or shear steel reinforcements or scaling effects). However, recently, some studies dealing
with single or double lap cyclic shear tests appeared in the literature, overcoming partially
this lack of knowledge and giving more details on the interface behavior (among others
[4, 5, 95–99]). It has been demonstrated that fatigue can trigger a debonding failure even
if the maximum load in a cycle is smaller than the maximum monotonic force attainable.
This is the result of a gradual deterioration of the bonding effectiveness because of the
fatigue micro-cracking and of the accumulation of irreversible damage at the interface level
[65, 100]. A degradation of the global stiffness increasing the loading cycles has been also
observed as well as the key role of the applied load amplitude, i.e. ∆F = Fup−Flow where
the subscripts up and low stand respectively for the upper and lower force reached in a cycle
[5]. Hence, low values of amplitude imply a high number of cycles prior to failure (high
cycle fatigue), while high amplitudes are related to a high values of plastic deformations
and to the nucleation of a wide number of micro-cracks leading to a shorter cyclic life
(low cycle fatigue). Moreover, some studies suggest the presence of a load threshold under
which the fatigue debonding failure is circumvented [101, 102]. A quite common value
for such infinite cyclic life limit is about 25-30% of the maximum monotonic debonding
force Fmax. Also, a displacement threshold under which no damage due to failure occurs
is reported in literature, but it should be experimentally evaluated (i.e. no general rules
ara available) [103, 104]. Anyway, many aspects remain almost unknown as the role of the
friction and interlocking between the faces of the debonding crack.
Nowadays, the cyclic life assessment is usually performed by means of evolution laws
such the Who¨ler curve or the Paris law [101, 102]. However, in these terms the fatigue
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life prediction remains an empirical abstraction, since the parameter of the evolution laws
must be calibrated following a case-by-case approach, i.e. it is not possible to formulate a
general rule [101, 102]. Moreover, any deviation from the ideal condition underlying each
theory, can lead to a significant mismatch in the previsions, hence many laws have been
proposed for different specific situations [101, 102].
The empirical laws have been used also in some numerical models [4, 65, 100]. Even
if such models can give a deep insight into the interface fatigue mechanics, their use
is conditioned by the specific set of tests used to calibrate the laws. Thus, the results
obtained cannot be generally extended, limiting their employment to the interpretation
of the experimental data. Differently, damage mechanics, plasticity or a mix of the two
(either coupled or not) have been used by other authors to define the interface law (e.g.
[101, 102]). Anyway, these models are usually computationally demanding and sometime
the definition of the parameters is not straightforward. Differently, for simple first order
model [105, 106] (similar to what used for the monotonic behavior of FRP reinforcements)
the thermodynamical definition of the parameters involved can be questionable.
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3Experimental studies
Abstract
In the present section the problem of debonding between FRP fabrics and quasi-brittle
substrates (concrete and masonry) is investigated by means of experimental tests. In
particular, one of the most used setup, the single lap shear test, has been modified
thus permitting a complete and deep investigation of the debonding process.
A first series of experimental tests on concrete substrate is performed showing that the
failure mode and its brittleness strongly depend upon the bond length. Furthermore,
results suggest that debonding occurs with a gradual transition from a predominantly
mode-II to a mixed mode I+II fracture as the bond length decreases pointing out
the influence of the peeling stresses. These latter are also responsible for a change
in the tangential bond strength along the bonded length and to a variation of the
failure mechanism. The capabilities of classic non-linear interface models to reproduce
experimental findings are also checked by finite element simulations.
An experimental campaign focused on the bond behavior of different ancient clay
bricks and masonry blocks reinforced with composite sheets is also presented. Obtained
results are analyzed showing different peculiarities of the detachment process especially
in relation to the substrate properties. Moreover, particular consideration is paid to
similarities and differences with the behavior of the FRP reinforcements applied to
concrete. Finally, the fracture energies at disposal are evaluated starting from the
experimental data and compared with the previsions of the Italian guideline CNR-DT
200.
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3.1 Proposed experimental setup
Trying to solve the aforesaid issues (par. 2.4.1), a new setup is herewith proposed. To
avoid applying inclined pulling forces, a steel support was specifically designed (Fig. 3.1a)
to reduce the elastic rotations, i.e. to limit the deformations of the support plus specimen.
In particular, linear elastic 3D finite element simulations were performed to check weather
the steel support was enough stiff to maintain the elastic displacements under acceptable
values (Fig. 3.1b). The supporting steel plates were controlled by bolts that permitted to
reduce small geometrical eccentricities by adjusting the position of the specimen.
Figure 3.1: (a) Render of the supporting steel cage and (b) 3D finite element simulation of
the setup to check elastic rotations.
A Crack Opening Displacement gauge (also named clip-gauge or COD-gauge) was
used to control the relative displacement between the plate and the concrete substrate at
the free end of the plate δ2 (Fig. 3.2), avoiding thus the dynamic failure of the specimen
before the complete detachment of the reinforcement. This instrument, usually employed
in experimental fracture mechanics, permitted to measure very small displacements on the
order of 1-2 µm.
The steel cage (Fig. 3.3a) was then mounted on a standard testing machine (Fig. 3.2a).
The pulling force was applied by clamping the end of the FRP fabric within two steel plates
(Fig. 3.3b) compressed by six bolts twisted with a dynamo-metric wrench at 80 Nm. The
clamping system was finally hinged at the actuator of the testing machine (Fig. 3.3b).
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Figure 3.2: (a) Picture of the entire setup with a mounted specimen and (b) particular of
the COD-gauge used to control the test.
Figure 3.3: (a) Steel support cage and (b) particular of the clamping system.
The proposed setup was then useful to observe stably the complete debonding process
in specimens with different bonded lengths, and to capture their failure modes.
3.1.1 Control of the test
To permit proper comparisons between different results and to ensure their repro-
ducibility a unified protocol to perform tests has been studied.
Initially, a first pre-load cycle (about 1 kN in 60 s) is applied to remove backlashes
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between mechanical parts. Moreover, this permitted to check the behavior of the specimen
revealing possible unwanted bending of the plate that were removed by centering the
specimen. Then the specimen is unloaded and data acquisition is started.
Initially, tests are load-controlled with a rate of 1 kN/min until the displacement
measured by the clip-gauge reaches its measuring range (≈ 2µm). Then, the control is
switched to the clip-gauge, with an initial speed of 0.5 µm/min. This very low speed is
maintained until the end of the snap-back branch, then the speed is gradually increased
up to 20 µm/min.
The precision of the clip-gauge dictates the maximum bond length of the plate. As a
matter of fact, increasing the bond length decreases the slip of the free end of the plate
attained at peak load. Since displacements smaller than 1µm are not measured by the clip-
gauge, the testing machine would not be able to stably control the free end slip, causing
a catastrophic failure.
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3.2 Experimental campaign on concrete
The proposed setup is tested and validated by means of an experimental campaign on
concrete substrate.
In addition, the performed tests aim to investigate the full range behavior of the FRP
glued joints and the role of the bonded length on the failure process. In fact, the transition
from the post-peak softening to the unstable snap-back behavior has been observed only
with numerical studies [30, 39–41], but no experimental validations are at disposal.
Another issue to deal with is the calibration of the interface bond-slip laws. Becuase
of the problems in controlling the tests which affect the shear tests of this joints, it was
not clear if the local interface law could change along the bonded length. Indeed, the
experimental bond-slip relationships are usually estimated either for a limited number of
points at the laoded-end [3, 107, 108] or correlating the bond stresses and the slips along
the whole bonded length for a given load value (usually at the load peak) [5, 25, 36] or
by means of a back calculation as [109], but no direct observations of the full range local
behavior along the bonded length are available.
3.2.1 Materials and methods
3.2.1.1 Geometry
The geometry of the specimens is represented in Fig. 3.4. The nominal dimensions of
the concrete prisms were 150× 90× 300 mm. Thirteen specimens were prepared and five
bond lengths lb = 30; 60; 90; 120; 150 mm have been considered.
300 mm
1
5
0
t
9
0
f
ta
lb
lf
50
bf
Figure 3.4: Geometry and dimensions of the specimens.
It is known that the plate width bf influences the bond properties [25, 94]. The width
of the plate bf was chosen equal to the characteristic length of concrete, which is generally
assumed 2-3 times the maximum aggregate size. This should limit the influence of the
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heterogeneities produced by the aggregates, allowing to treat the concrete substrate as a
continuum.
The minimum bond length lb = 30 mm was limited as well by the requirement to
consider the concrete substrate as a continuum, like in the case of plate width. A maximum
length lb = 150 mm, which is close to the theoretical anchoring length leff [9] predicted
during the preliminary test design, was chosen to permit the stable control of the test.
Indeed, at the peak load, longer bond lengths would display very small slips at the free
end of the plate, which are not measurable with standard transducers.
The effective dimensions of all the specimens are summarized in Tab. 3.1.
Table 3.1: Geometrical properties of the specimens.
Specimen
lf bf tf lb Fˆ Γf
[mm] [mm] [mm] [mm] [kN] [N/mm]
30A 280 30.5 1.29 34 3.2 0.31
30B 280 30.5 1.32 31 5.4 0.34∗
30C 280 29.3 1.32 30 2.2 0.25
60A 310 29.6 1.31 61 11.2 0.65
60B 310 30.3 1.31 59 10.7 0.44
60C 310 30.3 1.33 61 10.0 0.55
90A 365 30.0 1.25 66† 11.3 0.30
90B 370 29.3 1.31 91 12.6 0.44
120A 425 30.4 1.35 122 14.3 0.35∗
120B 425 29.8 1.22 78† 12.8 0.43
150A 400 29.0 1.31 153 14.6 0.53
150B 400 30.7 1.32 151 14.6 0.57
150C 400 27.6 1.31 153 16.2 0.62
† reduced length due to bonding defects
∗ pull-out curve not complete
3.2.1.2 Specimen preparation
The prisms were casted into steel molds with a normal strength concrete, then vibrated
by means of a vibrating table. Prisms were demolded after 24h and wrapped into saturated
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clothes for 28 days. Then, they were stored in laboratory room conditions for three months
before applying the plates.
It is worth to note that the treatments of the bonding surface of the support blocks
influence the bonding effectiveness [30, 59, 60]. Here, the top surface of the concrete
blocks was sandblasted with quartz sand to remove the thin layer of mortar that covered
the aggregates, improving the grip between adhesive and plate.
Then, the plates have been glued to the top surface of the blocks by using a 1.2 mm
thick layer of a two-components epoxy adhesive. The plates have been positioned by
means of steel guides (2.5 mm thick) fixed with clamps to control the glue thickness and
the lineup of the plate.
The bonded area started 50 mm far from the front side of the specimen (Fig. 3.4). In
this way the interface behavior was not influenced by the edge effects that may cause the
expulsion of a concrete wedge, modifying debonding mechanisms [3, 41]. The thickness of
the pultruded FRP plates was tf = 1.3 mm.
Tests were performed after one month to permit the complete hardening of the glue.
3.2.1.3 Material characterization
Concrete To cast the specimens, a low strength concrete was used, with a mix-design
similar to the one used in old buildings. Concrete was prepared with a content of 300
kg/m3 of Type II Portland cement, water-to-cement ratio W/C = 0.50, no admixtures.
River sand was used as fine aggregate and crushed gravel as coarse, with a maximum
aggregate size of 16 mm.
Three prisms of nominal dimensions 90×90×180 mm obtained by sawing the blocks of
concrete used for single-shear tests, were tested in compression. The average compression
strength was fcm = 37.2 MPa, Young’s modulus Ec = 28 700 MPa, and Poisson’s ratio
νc = 0.2.
Three beams of nominal dimensions 60 × 90 × 300 mm were tested in three-point-
bending (Fig. 3.5a), and an average flexural tensile strength fct,fl = 4.8 MPa was obtained.
Moreover, an LVDT was applied in order to measure the deflection f during the test
(Fig. 3.5b). This permitted to evaluate the experimental mode-I fracture energy GF by
writing a balance between two terms: (i) the external work done by the force F and (ii)
the internal work dissipated by the fracture process. Dividing the former term, which is
know by integrating numerically the F − f curves (Fig. 3.5c), by the cross sectional area
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Figure 3.5: Three-point bending test on concrete: (a) specimen during the test; (b) scheme
of the specimen and nomenclature; (c) applied force-deflection curve F − f .
bfl × hfl of the specimen, allowed to evaluate an average value of the energy dissipated.
The computed average value of the mode-I fracture energy was GF = 104 N/m.
By means of the expressions proposed in [110] the measured data permitted to compute
the characteristic compression strength fck = fcm−8 = 29.2 MPa and the tensile strength
fct = fctm,fl/max(1.6 − hfl/1000, 1) = 3.2 MPa (with height of the cross section hfl =
90 mm).
Adhesive A two-components epoxy-adhesive has been used to glue the FRP plates to
the concrete blocks. The mechanical properties of the adhesive have been measured by
means of tensile and torsional tests.
A tensile test has been carried out according to [111]. A specimen was obtained pouring
the adhesive in a mold realized by means of a wooden pattern. The specimen was stored
at room temperature and 65% R.H. for 14 days. After curing, four strain gauges have been
placed to measure longitudinal and transversal deformations. Geometry and dimensions
of the specimen are depicted in Fig. 3.6a, together with the experimental stress-strain
σa − εa relationship.
For the torsional test, a specimen has been realized by pouring the epoxy adhesive
into a mold realized with two coaxial plastic pipes. This permitted to obtain a pipe in
epoxy-adhesive (Fig. 3.6b).
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Figure 3.6: Mechanical tests for the adhesive material and corresponding specimens: (a)
tensile stress-strain relationships in longitudinal (σa− εx) and transversal (σa− εy) direction;
(b) torsional shear stress-strain relationship τa − γa.
A strain gauge rosette was applied on the surface of the specimen to measure the prin-
cipal strains. The specimen was tested by means of a torsional testing machine controlling
the torsional angle. Measured deformations confirmed that the specimen was subjected to
pure torsion and permitted to plot the shear stress-strain relationship τa− γa represented
in Fig. 3.6b together with the geometry of the specimen.
The mechanical properties obtained by means of tensile and torsional tests are Young’s
modulus Ea = 3 517.3 MPa, shear modulus Ga = 1 350.0 MPa, Poisson’s ratio νa = 0.315,
tensile strength fta = 12.01 MPa, tensile strain εau = 0.326 %, and shear strength τau =
12.94 MPa.
FRP reinforcement For the FRP plate the mechanical properties have been measured
by means of a uniaxial tensile test according to [112] (Fig. 3.7). The specimen was made
of a FRP rectangular plate with aluminum tabs glued at the ends to permit to grip the
specimen up to failure. Strain gauges were used to measure longitudinal and transversal
strains (Fig. 3.7b).
The mechanical properties of the FRP plate are Young’s modulus Ef = 168 500 MPa,
Poisson’s ratio νf = 0.248, tensile strength ff = 2 434 MPa, ultimate strain εfu = 1.37 %.
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Figure 3.7: Mechanical characterization of the FRP plate: (a) specimen during the test; (b)
tensile stress-strain relationship in longitudinal (σf − εx) and transversal (σf − εy) direction.
3.2.1.4 Setup validation and instrumentation
A scheme of the experimental setup is represented in Fig. 3.8a while a picture of a
specimen before the test is given in Fig. 3.8b.
The applied measuring devices are depicted in Fig. 3.8a as well. In particular, two
LVDTs δ′1 and δ′′1 (base 10 mm) have been placed at the end of the plate to measure the
average slip δ1 = (δ
′
1 +δ
′′
1)/2 between concrete and FRP and to detect in-plane rotations of
the bonded plate (Fig. 3.8a). At the end of the plate the clip-gauge of the testing machine
was installed to measure the slip δ2 and to drive the tests as reported in par. 3.1.1. More-
over, an LVDT was applied orthogonally to the plate to measure normal displacements δ3
between FRP and concrete.
Along the bonded plate, a series of equally spaced strain gauges was glued to measure
longitudinal strains (Fig. 3.8a). To detect out-of-plane and in-plane bending of the plate,
three strain gauges measured the strains ε′A, ε
′′
A, and εB on the unbonded part of the plate.
Fig. 3.9a,c shows the pull-out curves obtained respectively for the specimens 90B and
150B considering the displacements δ′1 and δ′′1 measured by the LVDTs on the left and on
the right of the bonded plate together with the average displacement δ1. The curves reveal
an unavoidable, albeit small, difference that is related to an in-plane rotation of the plate
with respect to the concrete block. The rotation, which is probably due to heterogeneities
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Figure 3.8: Test setup: (a) Scheme of the specimen with LVDT’s and strain gauges applied
on the plate; (b) picture of the specimen on the supporting system.
of adhesive layer and concrete surface, varies during the test, but always remaining smaller
than 0.1◦, which can be considered acceptable [34, 57].
Also the two strains ε′A and ε
′′
A of the loaded end of the plate confirm a small in-plane
rotation (Fig. 3.9b,d) whose magnitude agrees with the one measured by the LVDTs. The
average strain εm = (ε
′
A + ε
′′
A)/2 is compared to the one measured at the back of the plate
εB (Fig. 3.9b,d) showing that its out-of-plane bending is small.
Finally, in order to validate the test setup proposed (par. 3.1), the rotation of the
setup (prism and support) was recorded by four LVDTs δ4 − δ7 applied orthogonally to
the concrete block (Fig. 3.10a). Another transducer δ8 was placed on the top of the steel
support to detect the in plane displacement in the direction of the applied load (Fig. 3.11).
The LVDTs (Fig. 3.10) permitted to measure the displacements of the specimen
(caused by elastic deformations and backlashes) with respect to the frame of the testing
machine and to determine its in-plane and out-of-plane rotations θy and θz with respect to
y and z axis. Fig. 3.10 shows the rotations of the specimens 30C and 60B. Their different
behavior is due to the inevitable backlashes between the concrete block, which is irregular,
and the steel support. In any case, both the angles θy and θz remain smaller than 0.1
◦ up
to failure. According to [34, 57], these small rotations do not affect the experimental re-
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Figure 3.9: (a) Pull-out curves F − δ′1 and F − δ′′1 for the specimen 90B; (b) Force-strain
curves F − ε for the specimen 90B; (c) Pull-out curves F − δ′1 and F − δ′′1 for the specimen
150B; (d) Force-strain curves F − ε for the specimen 150B.
sults, confirming the effectiveness of the test setup. The in plane displacement δ8 remains
as well under acceptable values (Fig. 3.11).
3.2.2 Experimental results
In the following the obtained results are illustrated using the curves of the specimen
150B, which has been chosen as paradigmatic example. Particular attention is paid to
illustrate the peculiarities appeared in the tests.
Fig. 3.12a represents the pull-out curve F − δ1 together with the force-displacement
curve F − δ2 measured by the clip-gauge at the free end of the plate.
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Figure 3.10: In plane rotations θy and out-of-plane rotations θz: (a) specimen 30C; (b)
specimen 60B.
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Figure 3.11: In plane displacement δ8 of the specimen 150A.
The peak load Fˆ is reached for a displacement δ2 that is very small (≈ 20µm). After
the peak, the curve F − δ2 shows a softening branch followed by a sub-horizontal plateau
when debonding is almost completed. At the same time, the curve F − δ1 displays an
important snap-back, which explains the catastrophic failure usually observed in load or
displacement driven tests.
The strain-gauges applied along the plate (whose position is shown in Fig. 3.12d) per-
mitted to plot the distribution of strains ε(x) for different load levels (Fig. 3.12c). During
the ascending branch (points A-C in Fig. 3.12a) the strain decays from the maximum
value which is reached at the loaded end of the plate, up to zero at the opposite end.
Approaching the peak (point D in Fig. 3.12a) the strain distribution close to the loaded
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end becomes flat. This is due to debonding which starts at the loaded side of the plate
propagating toward the opposite side where strains continue to increase with load.
During the softening equilibrium path, when the residual bonded length is about 60
mm (point E in Fig. 3.12a), the strain gauge closer to the free end starts to display a
reduction of strains up to a sign inversion (curve E in Fig. 3.12c). The same effect is
noticed, as the debonding progresses, in correspondence of other strain gauges (curves
F and G in Fig. 3.12c). At the same time a peeling crack appears at the free end and
propagates toward the central part of the plate, which is still sound.
To detect this phenomenon, the LVDT measuring the orthogonal displacements δ3
between concrete and free end of the plate is employed. The curve F − δ3 (Fig. 3.12b)
reveals that the peeling crack appears between the sub-horizontal plateau and the steepest
branch of the softening curve F − δ2 (points D and E in Fig. 3.12a).
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Figure 3.12: Results for specimen 150B; (a) Pull-out curves; (b) Force-orthogonal displace-
ment curve; (c) Evolution of the strains along the plate for different load levels; (d) Position
of the strain-gauges.
The peeling crack depicted in Fig 3.13a allows bending of the plate which explains
the compression strains detected by the strain gauges. Moreover, during this stage, the
displacement δ2 recorded by the clip-gauge, which rotates following the free end of the
plate, is greater than true slip s (Fig. 3.13b). For this reason, the curves F −δ1 and F −δ2
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Figure 3.13: Peeling crack at the free end of the plate: (a) details; (b) displacements δ2 and
δ3 measured by clip-gauge and LVDT respectively.
twist each other, i.e. δ2 > δ1 (Fig. 3.12a). Anyway, this effect influences the results only
during the final phase of the test, differently during the first phase until the late snap-back
branch the uplifting influence on the measured δ2 is negligible (i.e. δ2 ' s2). The results
are confirmed for all the specimens of length lb = 150 mm (Figs. 3.23e, f).
3.2.2.1 Effect of the bond length of the plate
A variation of the bond length of the specimens produces important consequences on
their behavior. For the shortest specimens, with lb = 30 mm, the pull-out curves F − δ1
display a softening branch, and snap-back disappears (Fig. 3.14). Moreover, the slips δ1
and δ2 are nearly the same, i.e. the bonded area is characterized by almost uniform slips.
The peak loads Fˆ of the three specimens 30A, 30B, and 30C are scattered, because
the bonded area is very small and the local effects are important. The failure mechanism
is characterized by a peeling crack that starts at the free end, propagating toward the
loaded end.
Specimens with bond length lb = 60 mm still display a softening behavior (Fig. 3.15a)
and failure occurs by peeling at the free end (Fig. 3.15b). In this case the plateau in the
strain diagram disappears (Fig. 3.15c).
The transition from softening to snap-back behavior is shown by the specimens with
bond length lb = 90 mm (Fig. 3.15d). The phenomenon is complete for specimens with
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Figure 3.14: Pull-out curves for specimens of bond length lb = 30 mm: (a) specimen 30A;
(b) specimen 30B; (c) specimen 30C.
lb = 120 mm, which display a clear snap-back regime (Fig. 3.15g). Fig. 3.15i shows that,
in this case, strains display an horizontal plateau, i.e. debonding at the loaded end.
The curves F − δ3 (Figs. 3.15b,e,h) show that the peeling cracks at the free end always
take place. Moreover, all the specimens present compression strains (Fig. 3.15c, f, i).
The peak loads Fˆ for all the specimens are summarized in Fig. 3.16a as a function
of the bond length lb while numerical values are reported in Tab. 3.1. Specimens 90A,
90B, and 120B showed bond defects (i.e. absence of glue at the loaded end) that were
revealed after complete debonding. Thus, to obtain realistic results, the measured value
of the intact bond was used as lb in Fig. 3.16a. Differently, specimens 30B and 120A the
peak load was achieved but because of controlling problems they failed before the end of
the final unloading branch.
The debonded plates are depicted in Fig. 3.17. In short specimens it is possible to
observe the formation of a concrete bulb of thickness 4-8 mm (Fig. 3.17a,b). In long
specimens the concrete bulbs appear at both the edges of the bonded plate (Fig. 3.17c).
3.2.2.2 Experimental fracture energy
The experimental value of fracture energy is obtained writing a balance between the
work done by the applied force and the energy dissipated by debonding, which is the
only source of dissipation since the plate always remains in the linear elastic regime. The
approach is similar to three-point bending tests carried out to measure fracture energy
in concrete. At the loaded end of the plate the applied force F and the corresponding
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Figure 3.15: Results for specimens with different bonded lengths; (a),(d),(g) pull-out curves;
(b),(e),(h) force-orthogonal displacement curves; (c),(f),(i) evolution of the strains along the
plate for different load levels.
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length Γf − lb.
Figure 3.17: Debonded plates of different lengths: (a) specimen 30A; (b) specimen 90B; (c)
specimen 150A.
displacement δ1 are both known. Therefore, the work done by the applied force is obtained
integrating numerically the curve F −δ1. Dividing the result of integration by the effective
bonding area lb × bf , provides an average value of fracture energy Γf .
For the complexity of the processes involved in the debonding, the measured energy
spatially mediates different contributions [66]. In particular, this approach “lump” into
the interface all the contributions depleted in different media (e.g. damage in the con-
crete bulk material and in the adhesive layer) and different processes at different length
scale (e.g. microcracking, plastic sliding at the fiber level, friction between the asperities
of the debonding crack, scaling effects related to the plate width) [66]. Thus, the value
of Γf experimentally esteemed with the proposed approach must be conceived as an en-
ergy in general sense useful to characterize the macroscopic structural performance of the
externally bonded joints [66].
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Figure 3.18: Linear scheme for the calculation of the experimental bond-slip relationships.
In Tab. 3.1 the numerical values of the computed values of Γf are reported while
Fig. 3.16b shows the variation of Γf with respect of the measured value of bond length
lb. It must be highlighted that in Fig. 3.16b the points corresponding to specimens that
showed anomalous pull-out behavior (i.e. incomplete curves as marked in Tab. 3.1) are
omitted. In short specimens, where peeling cracks prevail, Γf tends to the mode-I fracture
energy GF measured in concrete (square marker in Fig. 3.16b). Increasing lb, the value of
fracture energy increases, approaching the mode-II theoretical values (dots in Fig. 3.16b)
computed using the expressions proposed in [3] , which are based on perfect shear behavior
(see par. 3.2.3.2).
3.2.2.3 Experimental bond-slip relationship
The experimental strains εi measured by the m strain gauges located at position xi
(with i = 1 . . .m starting from the free end, Fig. 3.12d) were used to compute the local
bond-slip relationships following a procedure already proposed in [3].
In particular, assuming a linear variation of strains between two subsequent transducers
(Fig. 3.18), the average value of bond stresses τi+1/2 is obtained writing the equilibrium
of this portion of plate
τi+ 1
2
=
(εi+1 − εi)Ef tf
∆
(3.1)
where ∆ = xi+1 − xi is the distance between the strain gauges.
Neglecting the deformability of concrete, the corresponding slips si+1/2 are approxi-
mated with the displacement of the plate, which are obtained by integrating strains
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Figure 3.19: Local bond-slip curves τ−smeasured for different bonded lengths: (a) Specimen
60C; (b) Specimen 150C.
si+1 = si +
xi+1∫
xi
ε(x)x = si +
εi+1 + εi
2
∆ (i = 0, 1, . . . ,m− 1) (3.2)
si+ 1
2
= si +
3i + εi+1
8
∆ (i = 0, 1, . . . ,m− 1) (3.3)
Differently to [3], the slip at the end of the plate was assumed being equal to the value
measured by the clip-gauge, i.e. s0 = δ2.
Increasing the load, the points (τi+1/2, si+1/2) permit to plot the local bond slip curves
represented in Fig. 3.19 for four specimens (60C, 90A, 120B and 150C). The index i is
represented close to the curves.
Even for the same specimen the curves are quite irregular (Fig. 3.19). Apart the
initial slope, which is nearly the same, the peak and the softening branches are rather
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different. In particular, the peak stresses τˆ are always smaller at the free end of the plate
(curve 1), maximum bond stresses are attained in the central part of the plate, whereas a
reduction appears at the loaded end (last curve in the figures). In specimens 120B (curve
3 Fig. 3.19c) and 150C (curve 4 Fig. 3.19c), some curves describe the behavior of zones
in the middle of the bonded length, which are not reached by debonding cracks. For this
reason, an unloading path occurs, with a slope approximately equal to the initial one. The
same behavior is visible in specimen 90A but near the loaded end (curve 6 Fig. 3.19b).
Probably, in this case, interlocking phenomena occurred because of the concrete bulbs
detached at the loaded end.
One of the causes of scattering is due to the small number of strain gauges applied
along the FRP plate. Since the strain varies in a rather complicated way, the results
obtained from Eqs. 3.1-3.3 are approximated. Moreover, presence of big aggregates and
the bulbs highlighted in Fig. 3.17 leads to uncertainties in the strain measurements and
thus in the τ − s curves.
In any case all the specimens evidenced a clear variation of the bond-slip curves along
the length of the plate. To study this variation, in Fig. 3.20 the bond-slip relationships
for specimens 150B and 150C are plotted separating the different positions i.
In this case, the curves corresponding to the same zone are more similar and the
dispersion of the results is remarkably reduced (Fig. 3.20). The differences in the curves 3
and 4 (Fig. 3.20) can be explained considering the local effects caused by aggregates and
other defects. Indeed, observing the debonded surfaces of the plates, it is worth noting
that specimen 150C presents, in the neighborhood of third strain gauge, the mark of a big
aggregate (Fig. 3.20h) which could have increased the strength in that position (Fig. 3.20c).
For specimen 150B an area close to the fourth strain gauge where glue did not grip to
concrete is well observable (Fig. 3.20g). This could explain the reduction of strength in
Fig. 3.20d. Of course, two specimens are not sufficient to confirm experimentally a general
behavior, and in the future a wider experimental program on the topic would be advisable.
3.2.3 Numerical simulations
3.2.3.1 FEM model
The experimental tests have been numerically investigated via finite element method
using classical nonlinear interface laws proposed in literature (see [41] for an exhaustive
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Figure 3.20: Comparison between local bond-slip relationships measured at the same posi-
tions and debonded plates (specimens 150B and 150C).
review) to: (a) explain the different behavior of the specimens; (b) check the capability of
the bond-slip relationships proposed by some code standards [7–9] to describe the snap-
back regime of the test usually performed to calibrate them.
To the purpose, a specific finite element code based upon the Open Source library
deal.II [113] was developed.
The problem was modeled in two dimensions. A picture of the model, with mesh
details and boundary conditions is showed in Fig. 3.21a.
Right side, top and bottom portions of the specimen are constrained in order to have
no displacements in the direction normal to the surface and free displacements tangent to
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it (Fig. 3.21a).
In the spirit of the code standards [7–9], debonding is described by bond-slip relation-
ships, whereas concrete and FRP plate display a linear elastic behavior.
The non-linear bond-slip relationships analytically presented in the following Sect. 3.2.3.2
have been implemented into a four-node interface element as described in [71]. For the
bulk materials, linear elastic two-dimensional plane-strain model and bilinear quadrilat-
eral elements were adopted. Orthotropy along the thickness of the plate was neglected
because of its very limited influence on the results.
The problem has been solved using a quasi-static incremental/iterative solution proce-
dure. In order to follow the (possibly) unstable structural response, an arc-length method
has been used and a local control function analogous to that proposed in [41, 114] was intro-
duced. Accordingly, only the unknowns related to the non-linear behavior were introduced
in the control equation. No line-search procedures have been necessary to successfully ter-
minate the analyses. A suitable increment size has been assigned at the beginning for
each analysis and then a procedure with automatic increments has been used in order to
adaptively adjust the increment size during the analysis.
Probably, the use of more complete and complex models like the ones proposed in
[86, 115, 116] would permit to reproduce the physical phenomenon, but this is out of the
scope of the present work. We prefer to analyze the new experimental results in the light
of classical models that are used in common practice to design FRP reinforcements.
3.2.3.2 Mode II non-linear interface law
As for the bond-slip law, the power fractional equation proposed in [6] for shear stresses
transmitted mainly by aggregate interlock was used. The law, which has been obtained
by post-processing data of single lap shear tests dominated by mode-II cracks, writes the
local bond stress τ as a function of slip s:
τ
τˆ
=
s
sˆ
n
(n− 1) + (|s|/sˆ)n , (3.4)
where (τˆ , sˆ) denote peak shear stress and corresponding slip, and n > 2 is a free parameter
mainly governing the softening branch, and |s| represents the absolute value of s.
In [6] it has been shown that, if boundary effects are avoided in tests, the parameters
of the interface law are independent of the geometry of the specimens and test setup,
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but they are a function of concrete strength, surface preparation, and reinforcement type
(FRP plates or sheets).
The mechanical coefficients for the bond law were esteemed adopting the standard
prescription [7] using the measured material properties. In particular, the value of the
maximum shear stress τˆ can be directly obtained from the expression [7]
τˆ = 0.64 kb
√
fck · fctm , (3.5)
where, fck and fctm are the characteristic compression strength and mean tensile strength
of concrete respectively; kb is a geometric function depending on the plate and concrete
width bf and b, which reads [7]
kb =
√√√√ 2− bfb
1 +
bf
400
≥ 1 , (3.6)
with bf/b ≥ 0.33. In case bf/b < 0.33, the correct value of kb is determined assuming
bf/b = 0.33.
The fracture energy value of the interface law [6]
Γf = τˆ sˆpi
(
1
n− 1
)(1− 2n)
csc
(
2pi
n
)
. (3.7)
is determined still following the code standard [7]:
Γf = kG kb
√
fck · fctm , (3.8)
with kG = 0.064 for mean values of the fracture energy.
The value agrees with the one determined making use of the relation proposed in [7]
for the maximum transmissible force Fmax with lb →∞ and pure shear failure (as reported
also in par. 2.1.1)
Fmax = bf
√
2Ef tf Γf , (3.9)
where Ef , tf , bf are Young’s modulus, thickness and width of the reinforcement, respec-
tively [7]. In this case the fracture energy must be evaluated considering the values of
Fmax measured for long specimens only (lb = 150 mm), for which the hypothesis of pure
shear behavior is more probable. The results are showed with red dots in Fig. 3.16b.
According to [41], the initial slope of the interface law
K1D0 =
(
∂τ
∂s
)
s=0
=
τˆ
sˆ
n
n− 1 , (3.10)
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is obtained starting from the experimental values [7]
K1D0 = K =
c
ta
Ga
+ tc
Gc
, (3.11)
with Gc and Ga being shear modulus of concrete and adhesive layer, ta thickness of the
adhesive and tc thickness of concrete layer contributing to interface compliance. The coeffi-
cient c is usually taken equal to 0.5÷0.7 (in the numerical simulation we considered c = 0.5
and tc = 15 mm). The adopted bond-slip law [7] was proposed for one-dimensional models
that assume rigid behavior of the concrete substrate. In the case of two-dimensional finite
element analyses, as explained in [41], the compliance of concrete layer, which is already
modeled by finite elements, must be subtracted from the overall compliance Eq. 3.11.
Hence, for a given value of initial slope and Γf , the parameters sˆ and n of the interface
law for 2D model can be easily obtained from Eqs. 3.7 and 3.11 following [41].
It is worth noting that, the present tests do not permit to calibrate a mode-I non-linear
interface law between normal stresses σ and crack opening w. Therefore, in the numerical
analyses a linearly elastic law like the one used in [117] is adopted σ = kaw, where ka is
the adhesive stiffness, i.e., ka = Ea/ta, Ea and ta are Young’s modulus and thickness of
the adhesive layer, respectively. The parameters of the adopted power fractional law are
reported in Tab. 3.2.
Table 3.2: Parameters adopted for the power fractional law.
τˆ sˆ n Γf
[MPa] [mm] [-] [N/mm]
7.70 0.03 2.83 0.77
In the numerical simulations the bilinear law proposed in [7, 9] has been also adopted
for comparisons. The law has been defined by prescribing the same peak values (τˆ , sˆ) and
fracture energy Γf of the power fractional law of Eq. 3.4.
3.2.3.3 Comparison between numerical and experimental results
Numerical and experimental pull-out curves are compared in Figs. 3.23 and 3.24. Nu-
merical results are generally in good agreement with experimental data (considering the
unavoidable scattering of the experimental results, and the adoption of standard parame-
ters for the bond-slip laws). The behavior for low load levels is well predicted, so assuring
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Figure 3.21: Nonlinear finite element analyses: (a) mesh; (b) normal stresses in the y
direction at the beginning of the snap-back branch.
that initial (elastic) stiffness of the interface law is correctly estimated. Moreover, the
bond-slip model with standard parameters permits to follow the debonding propagation
at nearly constant load, with a good estimation of the length of the horizontal branch.
To take into account bond defects of some specimens, the simulations have been re-
peated with their effective bond length (Figs. 3.23c,d). The post failure branch, character-
ized by a sharp snap-back phenomenon, is weakly predicted by the numerical model due
to the elastic nature of the interface law in normal direction, neglecting the possible for-
mation of peeling cracks. The model is thus able to explain the onset of the peeling crack
observed, although its propagation is missed. Moreover, for this reason, the numerical
model overestimates the failure load Fˆ of the shortest specimens (Fig. 3.23a,b).
After the load peak, especially at the end of the plate, numerical simulations high-
lighted a mixed stress state into the substrate block characterized by high shear stresses τxy
(Fig. 3.22a) and peeling stresses σyy of the same magnitude of tensile strength of concrete
(Fig. 3.22b). In particular, peeling stresses appearing at the interface level (Fig.3.21b) are
very important in the debonding process as the debonding progresses (Fig. 3.22b). This
evidence can be seen in experiments because the layer of concrete attached to the plate
often presents a higher thickness at the end of the plate where rupture is due to a mixed
state of stress (Fig. 3.17c). In fact, the simultaneous presence of tangential and peeling
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stresses induced in concrete a different failure mechanism.
Strain distribution in the FRP plate along the bond length are given in Fig. 3.25 for lb =
150 mm at different load levels. The higher load level is close to the failure load obtained
experimentally. Before failure, the numerical curves agree with the experimental points
(Fig. 3.25b). However, in the snap-back regime the sign inversion of strains is completely
missed by the numerical model, which does not consider peeling failure (Fig. 3.25c) and
the formation of bulbs of detached material.
Computed values of failure load Fˆ as a function of bonding length lb are reported in
Fig. 3.16a, where are compared with the experimental results. Continuous and hidden lines
indicate failure loads obtained by adopting power and bilinear interface laws respectively.
Fig. 3.16a clearly shows that failure loads are numerically overestimated for small
bonded lengths. Obviously, the asymptotic values Fmax (for infinite bonding length) are
virtually the same because the two different interface laws have the same fracture energy.
It should be mentioned that the results obtained with the bilinear law always present
higher values than those predicted with the power fractional law. This fact has been
clearly explained in [41].
3.2.4 Summary and final comments
The main important evidence arisen from the tests is that, as the bond length reduces,
failure cannot be considered uniquely as a mode II fracture process.
Indeed, the debonding propagates as a shear type fracture up to the beginning of
the descending branch of the pull-out curve. After that, the fracture propagates from the
opposite side in a mixed mode, thus revealing a “two-way” debonding phenomenon similar
to the one illustrated in [118] in short fibre composites. This is due to the presence of
non-negligible out of plane displacements of the free end of the FRP plate that induce
considerable peeling stress at concrete level. Certainly, the observed failure mode due to
peeling stresses strongly depends on the mechanical properties of concrete (in particular
compressive and tensile strengths). Moreover, it has been observed the detachment of
bulbs of material together with a layer of substrate. In long bonded lengths two bulbs
of concrete are detached at both the ends of the plate, while for short bonded lengths
only one. These bulbs probably are partially responsible for the dispersion of the strain
measurements and for the changing of the failure process especially at the free end of the
plate. In that position, the overturning of the plate due to bending effects plus the slippage
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Figure 3.22: Stress maps from the finite element analysis of the specimen with lb = 150 mm
at the points equivalent to A-E of Fig. 3.12: (a) tangential bonding stress τxy and (b) normal
(peeling) stresses σyy.
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Figure 3.23: Comparison between numerical and experimental pull-out curves: (a) F − δ1
curve for the specimen with lb = 30 mm; (b) F − δ2 curve for the specimen with lb = 30 mm;
(c) F − δ1 curve for the specimen with lb = 60 mm; (d) F − δ2 curve for the specimen with
lb = 60 mm; (e) F − δ1 curve for the specimen with lb = 90 mm; (f) F − δ2 curve for the
specimen with lb = 90 mm.
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Figure 3.24: Comparison between numerical and experimental pull-out curves: (a) F − δ1
curve for the specimen with lb = 120 mm; (b) F − δ2 curve for the specimen with lb = 120
mm; (c) F − δ1 curve for the specimen with lb = 150 mm; (d) F − δ2 curve for the specimen
with lb = 150 mm.
of the bulbs following its inclined fracture plane lead to an out-of-plane displacement which
confirms the highlighted mode mixity.
Comparing experimental and numerical results from FEM analyses was possible to
observe a good agreement until the laod peak. Anyway, classic models are unable to catch
two important phenomena: the unloading path due to decreasing value of the slip in the
snap-back process and secondly the mixed mode rupture due to combined shear and peel
stresses at the interface level that appear when the anchorage length is short. Therefore,
for a complete and general description of the debonding process of FRP plates, especially
with short bonded lengths, it seems necessary to adopt a mixed and coupled dissipative
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Figure 3.25: Comparison between numerical and experimental results (Specimen 150B): (a)
pull-out curves; (b) strain profiles until the peak load; (c) strain profiles after the load peak.
interface law.
Finally, it has been experimentally observed for the first time the full range behavior
of the externally glued FRP joints. In particular, the particular driving technique adopted
allowed to directly observe the post-peak branch of the pull-out curves, the complete τ −s
relationships for the entire bonded length and different failure modes.
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3.3 Experimental campaign on masonry
In the present section an experimental campaign on ancient masonry is illustrated. One
of the aim of the tests is to investigate the peculiar debonding behavior of ancient clay
bricks, which has been demonstrated different from the one exhibited by modern bricks
[38]. In particular, different failure modes have been observed which may be related to non-
mechanical parameters, as permeability, surface texture and presence of heterogeneities
[38]. Another issue to be studied is the influence in the local e global behavior of the mortar
joints in case of masonry blocks. In fact, they constitute discontinuities in the bonding
plane that can reduce the effectiveness of the reinforcement. Differently from concrete
where heterogeneities are mainly represented by aggregates that have a strength much
higher than the cementitious matrix, in masonry, mortar joints usually have mechanical
properties comparable to the main support materials (i.e. clay bricks or natural stone
ashlars).
To study the aforementioned issues, the setup presented in par. 3.1 is used. Moreover,
a specifically designed lime mortar and three different types of ancient clay bricks were
used to perform tests on bricks and on masonry specimens. In particular, each type of
brick has been characterized measuring, besides the tensile and compressive strengths,
also non-mechanical properties as porosity and microscopic structure.
The results have been discussed considering the observed differences in the failure
mode, trying to identify the parameters related to such variations and their influence on
the effectiveness of reinforcement. This approach is oriented to improve the mechanical
model of debonding, introducing substrate parameters different from what usually adopted
(i.e. compressive and tensile strengths).
3.3.1 Materials and methods
Three handmade 19th century brick types (A-B-C types in Fig. 3.26a-c) coming from
different areas of the northern Italy (respectively provinces of Mantova - A, Parma - B
and Piacenza - C) were considered. For each type, three bricks and three masonry blocks
(Fig. 3.26d) were tested for a total of 18 specimens.
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Figure 3.26: Types of brick employed: (a) A type; (b) B type; (c) C type and (d) masonry
block before the reinforcement application.
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Figure 3.27: Geometry of the specimens: (a) brick; (b) masonry block.
3.3.2 Geometry
The specimen geometries are illustrated in Fig. 3.27 together with the used nomen-
clature whereas the average dimensions are given in Tab. 3.3-3.4. Ancient handmade
preparation of the bricks leads to unavoidable scattering of specimen dimensions, as out-
lined in Fig. 3.26a-c and Fig. 3.28. The masonry blocks were realized with lime mortar
and four superimposed units obtained sawing two bricks. Joints thickness was about 10
mm (an unavoidable, albeit small, scattering in the joint thickness is present due to the
irregularities of the handmade bricks).
Each sample was reinforced using a single-layer unidirectional CFRP strip glued fol-
lowing the method proposed by the producer ([119]). A nominal length of the bonded zone
lb of 150 mm was chosen. This assumption assures that the effective anchoring length leff
was shorter than the bonded length lb, as confirmed by the experimental evidence com-
mented later on (see par. 3.3.3). The same bond length has already been adopted in [1]
permitting to accurately investigate the debonding process and fracture mechanism. A 40
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mm long portion of sheet was left un-bonded (Fig. 3.27) at the loaded end so to prevent the
expulsion of a prism as a result of edge effects and stress concentrations ([3]). A nominal
width bf of 35 mm was chosen to guarantee the development of an undisturbed central
region within the CFRP sheet ([25]). The effective mean thickness of the laminated sheets
tf,eff was 1.4 mm.
Table 3.3: Mean dimensions of the brick specimens with the relative standard deviations (in
brackets).
Brick specimens
bm hm lm lb bf
[mm] [mm] [mm] [mm] [mm]
A 147±3 61±1 244±3 143±9 36.5±2 (σ=6.2%)
B 131±4 59±1 243±2 152±1 37.5±2 (σ=6.0%)
C 140±6 59±1 240±2 145±2 35.0±4 (σ=14.2%)
Table 3.4: Mean dimensions of the masonry block specimens specimens with the relative
standard deviations (in brackets).
Brick specimens
bm hm lm lb bf
[mm] [mm] [mm] [mm] [mm]
MA 138±2 88±2 258±2 144±2 38.5±2 (σ=7.2%)
MB 130±1 88±4 260±10 143±7 38.0±2 (σ=5.5%)
MC 143±3 89±1 257±9 145±2 36.5±4 (σ=2.1%)
3.3.2.1 Specimen preparation
A specific mix-design of mortar has been chosen to reproduce the material used in
ancient constructions. In particular, a natural hydraulic lime usually used in the restora-
tion interventions on ancient masonry buildings and fine river aggregates with diameter
spacing from 0.063 to 4 mm were used. In the case of brick specimens, reinforcement has
been applied on brick top surfaces, whereas for masonry specimens the reinforcement has
been applied on the non-sawed head of the bricks.
Before reinforcement application, the bonding surfaces of specimens were regularized
by a grinding machine and then with a layer of epoxy putty as suggest by the producer
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[119]. Regularizing layer width bp was greater than the sheet width bf to allow bonding
of the reinforcement directly over the epoxy putty.
Ancient handmade masonry bricks present irregular surfaces (Fig. 3.28) thus, to permit
a precise positioning inside the testing machine supporting frame, clay brick specimen
bases were sawed. Finally, all the specimens were stored in laboratory conditions for one
month to permit the complete hardening of the adhesive.
3.3.2.2 Material characterization
Bricks At a first glance, it is possible to notice highly variable brick surface conditions
for both the presence of heterogeneities and voids as well as for the color (Fig. 3.28).
These aspects, depending on variable firing conditions or clay mixture, may lead to very
different mechanical properties: for this reason the bricks were separately characterized.
In particular, after debonding tests, each brick specimen was sawed to obtain two prisms
for compression tests (Fig. 3.29a-b), a beam for three-point bending test (Fig. 3.31a-b),
a sample to measure porosity and some thin sections for microscope analyses (according
to standard codes [120, 121], Fig. 3.28). For the masonry specimens, the mean properties
measured for each group of bricks are considered.
The compression prisms were equipped with strain gauges to measure Young’s Modu-
lus Em and Poisson’s ratio ν (Fig. 3.29c). Three-point bending specimens (Fig. 3.31) were
tested controlling the crack mouth opening displacement to measure flexural strength
ftm,fl and the mode-I fracture energy GF , similarly to what explained for concrete in
par. 3.2.1.3. Mean values of the compressive and flexural strengths of the bricks are re-
ported in Fig. 3.30. Porosity Cp was measured by means of the water evaporation method
(difference of weight of saturated and dried sample divided by density of water) [120]. Av-
erage values of compressive strength fcm, Young’s modulus Em, Poisson’s ratio ν, shear
modulus Gm (determined as Gm = Em/2(1 + ν)), flexural strength ftm,fl, fracture energy
GF and porosity Cp, together with their standard deviation coefficients σ, are summa-
rized in Tab. 3.5. Despite the outlined differences in brick appearance, their mechanical
parameters are comparable. The values of σ are rather high, but typical for the ancient
masonry [38]. Differently, the porosity for A-series and B-series is higher than for C-series.
Microscope analyses revealed that this difference might be related to the clay mixture. In
particular, C-series showed silica impurities, like fine sand, while the clay mixture of A and
B-series was characterized by large impurities and firing wastes, as showed in Fig. 3.28.
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Figure 3.28: Different kinds of clay bricks employed with macro-photo and images from
microscope: (a) A-series; (b) B-series; (c) C-series.
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Figure 3.29: Compression test for bricks and mortar: (a) brick specimen during the test;
(b) geometry of the specimens; (c) stress-strain relationship in longitudinal (σx − εx) and
transversal (σx − εy) direction.
Moreover, in B-series samples pieces of crushed bricks from previous firings and large voids
were observed (Fig. 3.28).
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Figure 3.30: Mean values of the strengths of the various bricks: (a) compressive strength;
(b) flexural strength.
Mortar To characterize the mortar, four beams (with dimensions 40x40x160mm) were
cast into steel molds and demolded after four days. After 28 days of hardening in saturated
environment, the prisms were first tested in three-point bending (Fig. 3.31c) to determine
flexural tensile strength ftm,fl and fracture energy GF , then, the two separated pieces were
tested in compression, according to the standard code [122] (Fig. 3.29c). The mechanical
properties of the mortar are summarized in Tab. 3.5.
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Figure 3.31: Three-point-bending test for bricks and mortar: (a) brick specimen during the
test; (b) geometry of the specimens; (c) force vs. deflection curves F − f .
Adhesive and epoxy putty A two-component epoxy resin [119] was used to glue
CFRP strips following the wet layup method prescribed by the material supplier [119].
The principal mechanical parameters of the glue declared by the producer are Young’s
modulus Ea = 3000 MPa, tensile strength fta = 70.0 MPa, ultimate tensile strain εau =
6.0%, shear modulus Ga = 1250 MPa [119]. The declared mechanical properties of the
epoxy putty [119] are Young’s modulus Ep = 12800 MPa and shear strength τau ≥ 15.0
MPa [119].
FRP reinforcement The declared nominal design thickness of the reinforcement (i.e.
the thickness of carbon fibers that provide mechanical properties equal to the laminated
strip) is tf = 0.23 mm. The mean mechanical properties declared by the producer and
related to the nominal thickness are Young’s modulus Ef = 390000 MPa, tensile strength
ff = 3000 MPa and ultimate tensile strain εfu = 0.8% [119]. The average Young’s modulus
measured during present tests and referred to the effective mean thickness tf,eff = 1.4 mm
is Ef,eff = 63500 MPa.
3.3.2.3 Setup and instrumentation
The test setup was the same proposed and validated in [1] and described in par. 3.1.
The specimens were mounted into the same steel cage used for the concrete substrate but,
to avoid early failure of the bricks, the whole base of the specimen was set on steel plates:
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Table 3.5: Mean values of the measured characteristics of the bricks and the mortar with
the relative standard deviations σ (in brackets).
Material
fcm Em ν Gm ftm,fl GF Cp
[MPa] [MPa] [-] [MPa] [MPa] [N/m] [%]
Series A
12.6 8300
0.13 3670
3.2 11 23.7
(19.7%) (16.8%) (2.2%) (3.2%) (3.1%)
Series B
11.4 8700
0.2 3620
3.8 15.8 21.2
(24.2%) (12.4%) (43.8%) (49.5%) (11.9%)
Series C
17.2 7350
0.17 3140
3.4 12.6 16.7
(3.3%) (28.1%) (26.1%) (22.0%) (38.3%)
Mortar
4.8 7500
0.26 2970
1.1 5.3
-
(4.5%) (20.8%) (8.2%) (14.7%)
the brick specimens were supported by an L-shape steel frame (Fig. 3.32a), whereas the
masonry blocks were leaned on a steel plate (Fig. 3.32b). To provide a uniform support,
the surface in contact with the plate was flattened with polyester putty. Fig. 3.32c depicts
a specimen mounted into the setup before the test.
Each specimen was equipped with two LVDTs measuring the displacement δ′1 and δ”1
at the loaded end of the sheet: this permitted to obtain the global slip δ1 = (δ
′
1+δ”1)/2 and
to detect the presence of harmful in-plane rotations of the sheet (Fig. 3.32a-b), similarly
to what illustrated in par. 3.2.1.4. The free end slip between the reinforcement and the
substrate δ2 (Fig. 3.32a-b) was measured by means of the clip-gauge used to control the
test. In the same position, a third LVDT measured the out-of-plane relative displacement
δ3 (Fig. 3.32a-b) between brick and the composite. Strain values along the bonded length
were recorded with a strain gauge chain glued over the sheet (Fig. 3.32a-b). The distance
of the transducers was kept constant and equal to 25 mm for bricks, whereas for masonry
no transducers were located over the mortar joints thus resulting in a variable step. The
loaded end of the sheet was equipped with strain gauges that measured the free elongation
(ε′A, ε”A and εB, Fig. 3.32a-b) and the Young’s modulus Ef,eff .
The test protocol was the same described in par. 3.1.1.
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Figure 3.32: Static schemes and test setup with the applied instrumentation: (a) brick
specimen; (b) masonry block specimen; (c) picture of a specimen mounted into the steel cage.
3.3.3 Experimental results
The in-situ wet-layup method led to unavoidable, albeit small, differences in the width
bf of the reinforcements, thus, to permit proper comparisons, the force F was normalized
by the width bf as explained in the following graphs.
3.3.3.1 Bond strength
The maximum load values Fˆ are reported in Tab. 3.6 while the values of the normal-
ized maximum force Fˆ /b for all the widths accounted for and the rupture type for each
specimen are reported in Tab. 3.7 and compared in Fig. 3.33. Specimen A-2 is missing in
both the tables because the control of the test was prematurely lost before the peak load.
Dissimilarities between the results arise from three main causes. Variations within spec-
imens belonging to the same class of bricks are due to hand-made production and firing
in non-standardized kilns. Moreover, different mixtures of clay coming from various areas
are responsible for the changes in the average values among classes. Finally, the dispersion
is also related to the damaging of bricks due to their ageing and previous employment.
No remarkable differences have been observed in the maximum load value Fˆ /bf be-
tween brick and masonry specimens built up with the same class of bricks, confirming
the largely accepted hypothesis of rather limited influence of the mortar joints on load
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Figure 3.33: Normalized maximum load values Fmax/bf from the tests: (a) clay brick
specimens; (b) masonry blocks. NOTE: 1 = type-1 failure; 2 = type-2 failure; ∗ = Anomalous
rupture
carrying capacity of the reinforcement [7–9, 37].
3.3.3.2 Failure modes
Considering the failure modes, except for a few specimens, which revealed anomalous
ruptures due to defects (e.g. incorrect specimen preparation or unexpected weakness
caused by significant heterogeneities or damaging of the brick), the visual inspection after
failure revealed two types of debonding (summarized for each specimen in Tab. 3.6):
- Type 1: occurred with removal of a considerable and irregular brick portion of
thickness 1-3 mm; the most common irregularity was the detachment of a wedge at
the free end of the reinforcement (Figs. 3.34 and 3.36).
- Type 2: appeared with removal of a very thin and uniform brick layer with thickness
about 0.8-1 mm (Fig. 3.35).
No failure occurred at the adhesive level and all FRP sheets supported the applied
loads. The same rupture types were seen in brick and masonry specimens. For masonry,
mortar joints introduced a kind of discontinuity in the specimens, which lead sometimes to
irregularities in the removed substrate (Fig. 3.36b). Some other minor rupture phenomena
were found such as the creation of a small wedge at the joint level or at the sheet beginning.
The two rupture types here evidenced have also been observed in [38]. In particular,
the first detachment mechanism characterized both new and ancient masonry, while the
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Table 3.6: Measured sheet width (bf ), regularization layer width (bp), effective detached
width (b∗), computed t∗m values and Fˆ values, together with their mean values and standard
deviation σ (in brackets) and the failure types observed for each specimen.
Specimen
bf bp b
∗ t∗m Failure†
Fˆ
[mm] [mm] [mm] [mm] [kN]
A-1 33.8 42.3 46.1 11.6 1 9.1
A-3 30.5 44.4 48.4 9.1 1 8.5
Mean value A series . . . . . . . . . . . . . . . . . . . . . . . . 8.8 (5.5%)
B-1 36.3 44.7 48.1 - AR 14.1
B-2 37.0 44.7 52.0 9.5 1 8.2
B-3 37.9 42.3 43.1 11.3 1 9.0
Mean value B series . . . . . . . . . . . . . . . . . . . . . . . . 10.5 (30.8%)
C-1 29.7 41.6 40.1 6.4 1 5.1
C-2 37.9 44.7 48.9 6.6 2 7.1
C-3 30.2 41.0 33.7 9.9 2 4.6
Mean value C series . . . . . . . . . . . . . . . . . . . . . . . . 5.6 (24.3%)
MA-1 31.2 41.5 45.1 - AR 9.9
MA-2 34.8 40.6 44.9 6.8 2 7.3
MA-3 37.9 41.3 50.9 10.2 1 9.3
Mean value MA series . . . . . . . . . . . . . . . . . . . . . . 8.8 (15.1%)
MB-1 31.7 40.5 44.1 - AR 8.5
MB-2 34.2 41.2 51.0 10.3 1 9.9
MB-3 35.3 39.0 42.1 6.9 2 6.3
Mean value MB series . . . . . . . . . . . . . . . . . . . . . . 8.2 (21.8%)
MC-1 30.7 42.0 44 8.0 2 9.8
MC-2 34.1 41.4 43.9 8.0 2 7.2
MC-3 35.3 40.7 46.9 11.9 1 7.6
Mean value MC series . . . . . . . . . . . . . . . . . . . . . . 8.2 (17.4%)
†1 = type-1 failure; 2 = type-2 failure; AR = anomalous rupture.
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Table 3.7: Normalized maximum force applied and fracture energies computed with the
sheet width (Fˆ /bf and Γf (bf )), the regularization layer width (Fˆ /bp and Γf (bp)), the effective
detached width (Fˆ /b∗ and Γf (b∗)) together with the standard deviations σ.
Specimen
Fˆ/bf Fˆ/bp Fˆ/b
∗ Γf (bf ) Γf (bp) Γf (b∗)
[kN/m] [kN/m] [kN/m] [N/mm] [N/mm] [N/mm]
A-1 270.4 216.1 198.3 0.408 0.260 0.219
A-3 277.1 190.4 174.6 0.428 0.202 0.170
Mean 273.7 203.2 186.4 0.418 0.231 0.195
σ 1.7% 8.9% 9.0% 3.5% 17.8% 17.9%
B-1 389.8 316.5 294.2 -∗ -∗ -∗
B-2 222.2 183.9 158.1 0.275 0.189 0.139
B-3 237.7 213.0 209.0 0.315 0.253 0.244
Mean 283.2 237.8 220.4 0.295 0.221 0.191
σ 32.7% 29.3% 31.2% 9.5% 20.6% 38.5%
C-1 171.0 122.1 126.7 0.163 0.083 0.089
C-2 187.9 159.3 145.6 0.197 0.141 0.118
C-3 150.7 111.0 135.0 0.127 0.069 0.102
Mean 169.9 130.8 135.8 0.162 0.098 0.103
σ 11.0% 19.3% 7.0% 21.7% 39.4% 14.0%
MA-1 317.3 238.5 219.5 -∗ -∗ -∗
MA-2 210.9 180.8 163.5 0.248 0.182 0.149
MA-3 244.9 224.7 182.4 0.334 0.282 0.185
Mean 257.7 214.7 188.4 0.291 0.232 0.167
σ 21.1% 14.1% 15.1% 21.0% 30.3% 15.4%
MB-1 268.1 209.8 192.7 -∗ -∗ -∗
MB-2 289.1 240.0 193.9 0.466 0.321 0.210
MB-3 179.1 162.1 150.2 0.179 0.146 0.126
Mean 245.5 204.0 178.9 0.322 0.234 0.168
σ 23.8% 19.3% 13.9% 63.0% 52.8% 35.4%
MC-1 320.5 234.3 223.6 0.573 0.306 0.279
MC-2 211.4 174.1 164.2 0.249 0.169 0.150
MC-3 214.2 185.8 161.2 0.256 0.192 0.145
Mean 248.7 198.1 183.0 0.359 0.222 0.191
σ 25.0% 16.1% 19.2% 51.5% 32.9% 39.6%
∗Anomalous rupture of the specimen. See Tab. 3.6.
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Figure 3.34: Type-1 failure observed for specimens built up with A-series bricks: (a) brick
specimen A-1; (b) masonry specimen MA-3.
second appeared in ancient masonry only.
These rupture types are not merely related to compressive and flexural strengths, since
comparable values have been measured for all the classes of bricks (Tab. 3.5). As already
pointed out in [38, 123], in ancient brick masonry other properties like surface roughness
and material heterogeneities (e.g. large voids and asperities) may play an important
role. In particular, in the present tests, observed changes in failure type seem to depend
on the different capacity of the glue to penetrate into the substrate. Indeed, A and B-
series, which usually displayed type-1 failure, were characterized by highly heterogeneous
structure with big voids and impurities that permitted a deeper penetration of the glue into
the substrate. This is well observable in Fig. 3.36, where some gray spots of regularizing
epoxy putty on the sheet-side of the debonded surface are clearly visible. Differently, C-
series, which showed type-2 failure, was characterized by smaller values of load carrying
capacity Fmax/bf , probably related to a fine texture with micro-voids and absence of
impurities or large heterogeneities (Fig. 3.35).
Moreover, Figs. 3.34 and 3.36 show that the width of substrate detached by the sheet
b∗ (i.e. the width of the zone in which the cohesive crack propagates) was greater than the
width of the sheet bf and more similar to the width of the regularizing layer bp (Tab. 3.7).
This suggests that the regularizing putty, where is present, is able to ensure stress transfer
between reinforcement and support.
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Figure 3.35: Type-2 failure observed for specimens built up with C-series bricks: (a) brick
specimen C-2; (b) masonry specimen MC-2.
3.3.3.3 Pull-out curves and strain profiles
Apart some differences that will be discussed at the end of this section, bricks and
masonry specimens shown similar pull-out curves and strain profiles. For this reasons test
results will be illustrated choosing as paradigmatic examples the specimens A-1 and MA-3
for type-1 rupture and C-2 and MC-2 for type-2 rupture.
It should be highlighted here that the results are very similar for all the tests so
attention is focused on the differences.
The ascending branch of the curves F/bf − δ2 (Fig. 3.37a-d and Fig. 3.38a-d) is close
to the vertical axis since, at the maximum load, the slip at the free end δ2 is very small (2-
3µm) compared with the global slip at the loaded end δ1. After the peak, the displacement
δ2 displays a softening equilibrium path that ends in a horizontal plateau (Fig. 3.37).
At this stage, the sheet was almost completely detached and the residual load carrying
capacity of the specimen was due to friction within the asperities of the crack faces. The
absence of unstable behavior in the F/bf − δ2 curve permitted to control the test avoiding
premature failure of the reinforcement, making thus available the entire equilibrium path
F/bf − δ1 (i.e. pull-out curve), including its snap-back branch. The observed pull-out
curves F/bf − δ1 (Fig. 3.37a-d and Fig. 3.38a-d) display a linear initial branch (points
A-B) followed by a short nonlinear ascending path before approaching the peak load Fˆ
(point D). After the peak, a sub-horizontal plateau occurs, followed by the snap-back
branch (points F-G and H). The presence of a plateau confirms that the bonded length
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Figure 3.36: Type-1 failure observed for specimens built up with B-series bricks: (a) brick
specimen B-2; (b) masonry specimen MB-3.
is longer than the effective bond length leff , therefore the maximum force capacity Fmax
was reached. Anyway, masonry specimens present a shorter plateau, as if mortar joints
caused a reduction of the bonded length with respect to brick specimens.
In Fig. 3.37c-f and Fig. 3.38c-f the distribution of the strains along the sheet is depicted
for different load values, which are identified with black dots in Fig. 3.37a-d and Fig. 3.38a-
d as well. In the loading phase (points A-C in Fig. 3.37c-f and Fig. 3.38c-f) the strains
monotonically decrease from the loaded end to the free one. Approaching Fmax the strain
profile assumes the classic “S-shape” (point D in Fig. 3.37c-f and Fig. 3.38c-f) along
the stress transfer length. At this stage, a crack appeared at the loaded end, revealing
debonding starting point. In the post-peak stage, the crack propagated from the loaded
end toward the opposite side during all the sub-horizontal plateau of the pull-out curve
(point E in Fig. 3.37c-f and Fig. 3.38c-f). This fact is highlighted by the strain profile at
the loaded end that becomes flat. As mentioned in par. 2.1, for a given load, the absence
of variations in the strain values along the glued length implies that no stress transfer is
present (i.e. the sheet was detached from the substrate).
Some differences were observed in the local behavior of masonry specimens in the post
peak stage. In particular, when mortar joints are involved in the stress transfer zone
(curves E-H in Fig. 3.37f and Fig. 3.38f), the pull-out curves appear more scattered, with
several load drops and the strain profiles at constant load exhibit oscillations (Fig. 3.37d
and Fig. 3.38d). This behavior is probably due to the presence of mortar joints, which
constitute heterogeneities of the bonding substrate. Similar behavior was also observed in
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Figure 3.37: Experimental results: (a) pull out curves for the specimen A-1; (b) F/bf − δ3
curve for the specimen A-1; (c) strain profiles for different load values for specimen A-1; (d)
pull out curves for the specimen MA-3; (e) F/bf − δ3 curve for the specimen MA-3; (f) strain
profiles for different load values for specimen MA-3.
concrete specimens in correspondence of big aggregates (see Ref. [36]), which represent
discontinuities with higher stiffness and strength than mortar joints. Differently, Fig. 3.38f
shows a very regular strain profile. Here, limited interlocking phenomena were created by
the joints. Finally it should be mentioned the fact that no macroscopic differences emerge
comparing Fig. 3.37 and Fig. 3.38, even if rupture modes were different.
During the softening branch, when the load was about 60% of Fˆ (point F in Fig. 3.37a-
d and Fig. 3.38a-d), the strain value at the free end started to decay, sometimes inverting
its sign (point F in Fig. 3.37c-f). Here, the debonding crack stopped propagating and
a peeling fracture appeared at the free end, while the central portion of the glued area
was still sound. As evidenced by the relative out-of-plane displacement between sheet
and substrate δ3 (Fig. 3.37b-e and Fig. 3.38b-e), the peeling crack appeared during the
snap-back regime (point F in Fig. 3.37a-d and Fig. 3.38a-d). Bending of the detached free
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Figure 3.38: Experimental results: (a) pull out curves for the specimen C-2; (b) F/bf − δ3
curve for the specimen C-2; (c) strain profiles for different load values for specimen C-2; (d)
pull out curves for the specimen MC-2; (e) F/bf − δ3 curve for the specimen MC-2; (f) strain
profiles for different load values for specimen MC-2.
end of the sheet explains the reduction of strains. The same phenomenon was observed in
experimental debonding test on concrete substrate illustrated in par. 3.2.
Concerning the B-series specimens (Fig. 3.39), the behavior confirms the findings for
the type-1 rupture both for the bricks (Fig. 3.39a-c) and the masonry blocks (Fig. 3.39d-
f). Nevertheless, it is possible to highlight more scattered curves, especially in the strain
profiles (Fig. 3.39c,f). This is explicable considering that microscope analyses on B-series
revealed an impure clay mixture characterized by big heterogeneities like crushed bricks
and firing waste (Figs. 3.28 and 3.36).
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Figure 3.39: Experimental results: (a) pull out curves for the specimen B-3; (b) F/bf − δ3
curve for the specimen B-3; (c) strain profiles for different load values for specimen B-3; (d)
pull out curves for the specimen MB-3; (e) F/bf − δ3 curve for the specimen MB-3; (f) strain
profiles for different load values for specimen MB-3.
3.3.3.4 Experimental bond-slip relationships
Following the approach presented in [3] and already described in par. 3.2.2.3, based on
the hypothesis of pure shear behavior of the sheet, the local bond-slip relationships have
been computed from the experimental strain profile assuming a rigid substrate. The values
of the bonding stress τi+1/2 halfway between two subsequent strain gauges placed at the
position xi and xi+1 (with i = 1 . . .m starting from the free end) and the corresponding
slip si+1/2 can be esteemed using Eqs. 3.1 and 3.3.
As pointed out in par. 3.2.2.3, the hypothesis of pure shear stress state is valid until
the onset of the peeling crack, revealing the presence of non negligible peeling stresses. In
Fig. 3.40 some relevant experimental bond-slip relationships τ − s for the specimens A-1
and MA-3 are reported, while in Fig. 3.41 the results obtained for the B-series specimen B-
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Figure 3.40: Experimental bond-slip curves at different positions along the bonded length
for: (a) specimen A-1; (b) specimen MA-3 (red dots indicate the beginning of the uplifting of
the free end).
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Figure 3.41: Experimental bond-slip curves at different positions along the bonded length
for: (a) specimen B-3; (b) specimen MB-3 (red dots indicate the beginning of the uplifting of
the free end).
3 and MB-3 are presented (red dots point out the beginning of the free end uplifting). The
curves reveal that the bond-slip relationship is not unique: higher values of the maximum
bond stress τmax are attained in the central portion of the sheet, whereas smaller strengths
are available at the free end. This issue is well highlighted in Fig. 3.42, where the maximum
bond strengths attained along the plate are shown. In Fig. 3.42b, since the position of
the strain gauges were slightly different in each masonry block specimen, the values of the
average maximum bond strength were oppurtunely interpolated subdivinding the bonded
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length in 25 mm portions, thus to allow a proper comparison also with brick results.
The bond strength reduction is due to tensile peeling stresses (i.e. normal to the
bonding plane) at the free end of the plate. Indeed, here failure is no more associated with a
mode II crack, like in the central part of the sheet, but to mixed mode fracture propagation.
For the masonry specimens very high values of τmax are observable in correspondence of
mortar joints, where a wedge of material was usually detached, which causes interlocking
phenomena between bulbs and bricks inducing thus high values of confinement stresses.
This behavior is similar to what highlighted for concrete in par. 3.2.2.1.
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Figure 3.42: Maximum bond strength τmax attained along the bonded length: (a) brick
specimens; (b) masonry blocks.
To analyze type-2 rupture the experimental bond-slip relationships for specimens C-
2 and MC-2 are reported in Fig. 3.43. Compared with type-1 failure, the curves are
characterized by smaller values of τmax and nearly no residual stresses due to friction.
Furthermore, the trend of the curves is more regular and smooth with values of the bond
strength τmax more uniform along the bonded length (Fig. 3.42).
Irregular jagged bond-slip curves occur for two main reasons. First, in specimens
related to type-1 failure, they are probably caused by heterogeneities (i.e. the presence
of big voids and firing waste) with dimensions comparable with those of the bonded area;
a similar behavior was observed for concrete substrate, where heterogeneities are mainly
constituted by aggregates [3, 36, 123]. Second, the approach adopted to plot the curves
is based on strain values measured in an exiguous number of points. Therefore, even in
the case of finite element tests, the approach leads to irregular curves. For this reason,
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alternative approaches, e.g. based on inverse analyses, have been proposed in literature
[109].
It should be noted that the maximum value of tangential stress occurs at a value of
slip about 0.02 mm for all cases. This value does not seem to be affected by the rupture
type. Moreover, negligible stresses are usually present for slip values greater than 0.15
mm.
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Figure 3.43: Experimental bond-slip curves at different positions along the bonded length
for: (a) specimen C-2; (b) specimen MC-2 (red dots indicate the beginning of the uplifting of
the free end).
3.3.3.5 Fracture energy
In [7] the maximum load carrying capacity of FRP reinforcement
Fmax=bf
√
2Ef tfΓf (3.12)
is directly related to fracture energy Γf (Eq. 3.12), which is computed as a function of the
characteristic compressive strength fmk and mean tensile strength fmtm of the substrate
(Eq. 3.13):
Γf=c1
√
fmkfmtm (3.13)
where c1 is an experimental coefficient that, if no specific experimental tests are available,
can be assumed equal to 0.015 mm [7]. Fracture energy can be normalized introducing a
dimensional parameter d (i.e. an internal length), thus resulting in (Eq. 3.14):
Γf
dfmk
=
(c1
d
)(fmtm
fmk
)0.5
= α
(
fmtm
fmk
)0.5
(with β = 0.5) (3.14)
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which represents a line in a bi-logarithmic plot, (Eq. 3.15, Fig. 3.45).
log
(
Γf
dfmk
)
= log (α) + β log
(
fmtm
fmk
)
(3.15)
In particular, according to [7], the slope β of the line is constant and equal to 0.5, while
the Y-axis intercept logα, which depends upon c1, may be calibrated experimentally.
Starting from Eq. 3.12 and following what suggested in [6, 56], experimental values of
fracture energy Γf were calculated as:
Γf=
(
Fmax
b
)2 1
2Ef tf
(3.16)
using different values of the width b (i.e. the sheet width bf , the regularizing layer width
bp, and the effective detached mean width b
∗). The values of Γf computed considering
the widths bf , bp and b
∗ are summarized in Tab. 3.7, while in Fig. 3.44 the values of
Γf (bf ) are compared. Then, they were sorted by the failure mode and normalized as
in Eq. 3.14, choosing as internal length d the thickness of the material involved in the
bonding mechanism t∗m in the form defined in [55], also named the “effective depth” of the
support (Eq. 3.17):
t∗m=tc
(
Ga
Gm
)
(3.17)
where Ga and Gm are respectively the shear moduli of adhesive and of brick, while tc
(spacing from 20 mm to 30 mm) is the effective depth suggested in [7] for concrete sub-
strate. Here, the value of 30 mm was chosen for the type-1 failure and 20 mm for type-2;
this difference is due to the fact that diverse thicknesses of substrate were detached by
the sheets during the tests. Moreover, in Eq. 3.14, the mean compressive strength fcm
and the flexural tensile strength ftm,fl were used instead of fck and fmtm, since they are
directly correlated and easily measurable.
The values of normalized energies Γf/t
∗
mfcm are represented in Fig. 3.45a-c as a func-
tion of the ratio ftm,fl/fcm for three different widths b and grouped by the failure mode.
The same figures report Eq. 3.14 plotted using fcm and ftm,fl. This leads to overesti-
mate the theoretical fracture energy since the adopted strength values are higher than
the ones proposed by Eq. 3.14, but even in this case the predictions are very conservative
with respect to the experimental evidence (i.e. experimental points are not accurately
represented), as outlined in Fig. 3.45. To realize the reasons of these differences Eq. 3.15
have been recalibrated by means of minimum least square best fittings of the normalized
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Figure 3.44: Experimental values of the fracture energy Γf (bf ) computed using the sheet
width bf : (a) brick specimens; (b) masonry blocks.
energies for three different widths, both for the failure types 1 and 2 (Fig. 3.45a-c). In
Tab. 3.8 the results of the fittings are reported. It should be noted that the slopes of the
fitted lines are 2-3 times greater than the one suggested in [7] (Tab. 3.8). Even if the
limited amount of available data and their dispersion, some interesting remarks can be
made on.
Table 3.8: Parameters of the performed best fittings.
Width
Type-1 failure Type-2 failure
α β R2 α β R2
[mm] [-] [%] [mm] [-] [%]
bf 9.85 ·10−3 1.00 34.1% 7.31 ·10−3 0.84 18%
bp 1.18 ·10−2 1.43 44.9% 8.38 ·10−3 1.20 30.6%
b∗ 8.87 ·10−3 1.38 52.2% 4.92 ·10−3 0.89 33.8%
The coefficient of determination R2 is higher for the type-1 failure fittings than for the
type-2 for every used width, revealing a more regular trend (Fig. 3.45a-c). This different
behavior may be explained considering that the model proposed in [7] was calibrated for
the concrete substrate, in which there are heterogeneities (i.e. aggregates) more similar to
the ones present in the substrate characterized by type-1 rupture (i.e. big voids and firing
waste) than in substrate displaying type-2 failure.
Furthermore, the coefficient of determination R2 increases changing the width from bf
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Figure 3.45: Performed fittings of the normalized fracture energy as a function of: (a) the
sheet width bf ; (b) the width of the regularizing layer bp; (c) the effective mean detached
width b∗ and (d) diffusion of the bond stresses through different layers.
to b∗ (Tab. 3.8). This suggests that the energy dissipation during the debonding process
occurs along a width larger than that of the sheet, involving a certain portion of the
substrate. This fact is due to the diffusion of the bond stresses from the reinforcement
to the cracking plane, as shown in Fig. 3.45d. Since the crack propagates in the weakest
material, two different layers has been identified in the present tests: (i) the regularizing
epoxy putty and (ii) the first layer of substrate where the glue penetrates, improving thus
the strength of the masonry. While the first depends on the application method, the second
is related to macro-porosity and permeability of the substrate to the glue, confirming what
highlighted for the maximum loads and failure modes. Furthermore, it can be observed
that for type-2 rupture the value of R2 does not increase significantly changing from bp to
b∗ (Tab. 3.8). This is due to the limited penetration of the glue into the substrate, which
induces the formation of the debonding crack right beneath the surface of the support
blocks, where regularizing putty was spread.
The evidence suggest that the width of the regularizing layer should be taken into
account at least if its dimension is comparable with the influence bulb of the reinforcement
85
3. EXPERIMENTAL STUDIES
(i.e. the portion of substrate material affected by debonding process, [25]). Further
improvements could be obtained if the presence of voids in the substrate is somehow
considered.
3.3.4 Summary and final comments
Different bond behavior and failure mechanisms brought out by tests have been ex-
amined on the basis of different characteristics of the bricks, particularly in terms of
mechanical strengths and substrate properties.
Tests shown peculiar features of ancient masonry specimens:
- the pull-out equilibrium path was similar to the one observed for the concrete sub-
strate and mainly composed of three branches: an ascending part until the load peak,
a nearly horizontal plateau and a snap-back branch. The adopted test setup per-
mitted to observe the whole equilibrium path, including snap-back, up to complete
debonding.
- the detachment of the reinforcement was related to a “two-way debonding” mech-
anism [118], in which the crack propagated toward the free end during the sub-
horizontal plateau and stopped as the load started to decrease. In the snap-back
branch, a peeling crack appeared at the free end of the sheet. Here, peeling stresses
induced a reduction of bond strength τmax, as evidenced by the experimental bond-
slip relationships. This behavior is similar to what highlighted for the concrete
substrate in long bonded lengths and described in par. 3.2.2.
- tests showed two main debonding mechanisms: type-1 failure characterized by a
thick and irregular layer of substrate detached with a wedge of masonry at the free
end; type-2 failure with lower load carrying capacity, no wedge at the free end and a
thinner layer of detached material. This is not the case of new masonry that usually
presents type-1 rupture, as evidenced by other experimental campaigns ([28, 33, 37]).
- the failure mode was strongly associated with the penetration depth of the glue into
the substrate. Indeed, specimens where the glue has penetrated deeply displayed
type-1 debonding, whereas a limited penetration induced type-2 failure.
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- the performed fittings revealed that the model described in [7] is more accurate for
type-1 than for type-2 rupture. In fact, type-2 failure occurs in material with a
homogeneous and fine texture, whereas type-1 rupture is related to a substrate with
significant heterogeneities like voids and firing waste, with dimensions similar to that
of concrete, for which the design formula described in [7] was proposed and where
heterogeneities are mainly constituted by aggregates.
- in the debonding process, the energy seems to be dissipated along a surface larger
than the transverse dimension of the sheet, thus increasing the volume of involved
material. The influence is directly related to the glue penetration inside the sub-
strate.
For the design of composite reinforcement of ancient masonry, the type of substrate
has a great influence both at ultimate and service conditions; in particular, the bond per-
formance depends not only on the mechanical properties of the units but also on other
physical properties. Therefore, considering the great variety of units generally utilized
for masonry constructions, the need of a wider investigation to carry out design relation-
ships to properly take into account all the involved phenomena is evident. In fact, the
prescriptions in use [7–9] do not consider the outlined aspects. Finally, the obtained re-
sults open some questions concerning the numerical modeling of the different detachment
mechanisms.
87
3. EXPERIMENTAL STUDIES
3.4 Concluding remarks
The two experimental campaign presented demonstrate that the setup proposed is suit-
able to be used to characterize the bond behavior of fiber reinforced polymer (FRP) fabrics
externally glued on quasi-brittle materials. The particular driving technique adopted al-
lowed to entirely follow its separation process form the substrate, exploiting the monotonic
increment of the free end displacement of the reinforcement.
Besides the snap-back behavior in long bonded lengths, the tests permitted to observe
the failure mechanisms, highlighting for both concrete and masonry a “two-way debonding”
in long bonded lengths similar to what observed in [118] for embedded fibers. This peculiar
phenomenon seems to be related to the effects of peeling stresses (i.e. orthogonal to the
bonding plane) that, interacting with the tangential stresses, lead to a decrease of both the
shear bond strength and the fracture energy. As a results debonding cannot be considered
uniquely a mode-II process, but, as the bonded length decreases, either because the joint
is “short” or due to the propagation of the debonding crack, the influence of mode-I
fracture processes become more significant, changing thus the crack propagation processes.
Macroscopic evidence of that behavior are the material bulbs usually observed at the ends
of the debonded plates and sheets.
The results illustrated open some question on the analytical and numerical interpre-
tation of the debonding process. Indeed, the major part of the models to simulate the
interface behavior of externally glued FRPs (e.g. [40, 53, 61, 78, 87] among others) are
based on the hypothesis of pure mode-II fracture process and thus they are not able to
reproduce the changes in the debonding mechanism.
Finally, a comment is needed concerning the masonry tests. The results obtained high-
lighted some differences in behavior in comparison with the concrete substrate, although
the main mechanical processes are similar. This can be explained considering that concrete
is less prone to variations in the material texture compared to masonry (see par. 2.5.1).
Indeed, bricks coming from different kilns can perform, concerning the bond processes,
as two different materials, differently two types of concrete usually have similar behavior.
It has been demonstrated that these peculiarities are related to other parameters than
the ones usually accounted (e.g. the compressive and tensile strength of the substrate).
In particular, it has been shown that the permeability to the glue of the substrate and
its texture have an important role in the debonding load, changing the fracture energy
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at disposal and the volume involved in the stress transfer process. Probably for these
reasons, the models to evaluate the capacity of a strengthened system available in the
literature seems to do not provide good previsions for the masonry substrate, especially
for the ancient one. This subject will be better explained in Sect. 5.
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4Modelling of the debonding
behavior
Abstract
To numerically investigate both the monotonic and cyclic debonding phenomena, var-
ious models were proposed in the literature. One of the most popular, the monotonic
pure shear cohesive zone model, is briefly summarized here, pointing out its limits espe-
cially regarding the results illustrated in the previous Sect. 3. Then, a novel monotonic
cohesive zone model based on a mixed interface law which accounts for the interac-
tion between normal and tangential stresses is presented. To the purpose, a cracking
criterion is introduced to rule the maximum stresses attainable in normal-tensile and
tangential direction, while complete debonding is defined through an energy-based
criterion providing the mode-I and -II fracture energies at disposal. The softening be-
havior is governed by a scalar damage parameter relating the total displacement jump
with an equivalent stress. To validate the model, comparisons with already validated
models and experimental data from the literature are presented and debated, high-
lighting in particular the effects of mode mixity on the failure mechanism as well as
on the bond strength.
In the last parts of this section the problem of the modeling of the FRP external rein-
forcements failure due to cyclic actions is debated. In particular, a coupled damage-
plasticity first-order model is presented stating the assumption of pure shear loading
of the interface. The local interface law is ruled by an admissible domain function
involving linear softening and two damage parameters: one related to the stiffness
degradation and the other governing the loss of bond strength due to fatigue. The
model is finally validated by comparing its predictions with experimental results from
the available literature.
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4.1 Introduction to monotonic models
To give a theoretical interpretation at the open questions arisen in the previous Sect. 3,
here the effects at the interface level of the normal stresses are studied. In particular,
because of the eccentricity between the pulling force applied and the interface, a bending
moment is present, introducing tensile peeling stresses at the free end and compressive
stresses at the loaded end of the plate. As demonstrated in Sect. 3 and also supposed in
different studies ([24, 53, 86, 115, 124] among others), these stresses influence the bonding
behavior primarily affecting the shear strength. This effect is present also in plated beams
[24, 61, 63] in case of plate-end or intermediate crack-induced debonding and, even more,
in curved elements (e.g., vaults and arches [66, 77]) or in FRP reinforcements subjected
to inclined loads [53, 125]. Moreover, as outlined in Sect. 3, experimental results suggest
that peeling stresses are responsible for the changes in the failure mechanism in single-lap
shear tests.
To describe the behavior of the glued joints and to give interpretation to the bond
tests, monodimensional models are very often employed because of their simplicity and
good accuracy. In such models [8, 40], the FRP plate is modeled as a linear elastic
axial element pulled at one side, whilst its interaction with the support is considered
through a cohesive zone interface law (e.g. [6, 53, 66, 77] among others). Usually, these
models assume a perfect mode-II cracking process occurring at the interface, neglecting
the effects of peeling stresses (see [66] for a comprehensive review). Indeed, despite the
great relevance of this issue only a few models account for the coupling of the normal and
tangential stresses (e.g. [53, 61, 78]) but none of them is able to reproduce the changes
in the failure mechanism observed for quasi-brittle materials as concrete (par. 3.2) or
masonry (par. 3.3).
In the following, after a brief overview of the classic mode-II (i.e. shear) model, a
novel cohesive zone approach to the debonding problem is presented. Similarly to [64], it
includes the effects of the peeling stresses by means of a mixed-mode interface law. The
resulting tangential and normal behaviors are coupled both for the fracture energies at
disposal and for the maximum stresses attainable by means of a cracking and a failure
criterion. The model has been implemented into an ad-hoc numerical code and solved
via finite difference method. To validate the approach, some results from experimental
campaigns available in the literature are simulated and compared.
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4.2 A simple pure shear model
One of the most adopted method available to simulate debonding in FRP joints is
based on cohesive interface models. Usually, some simplifying assumptions are introduced.
Firstly, the materials, apart the interface which collect all the non-linearities of the process,
are assumed homogeneous, isotropic and linear elastic. Secondly, bending moment and
shear deformations are neglected, thus the composite reinforcement is idealized as an
Euler-Bernuolli beam subject only to traction (i.e. a truss) bonded to supporting prism
– the substrate – that can be considered rigid if compared to the FRP stiffness. This
assumption leads to a plane model, even if edge effects induced at the border of the
glued area [94] together with the diffusion phenomenon of the bonding stresses and the
crack propagation into the substrate [62], are responsible for the formation of disturbed
regions. This implies that, generally, the debonding process is three-dimensional [25, 126].
Nevertheless, if the reinforcement is sufficiently wide to permit neglecting such effects,
a plane model is commonly intended as an acceptable engineering representation of the
problem. This condition implies that uniformity of strains and stresses over the plate width
bf is assumed and three-dimensional effects are considered implicitly and on average while
defining the parameters of the cohesive laws [66].
It is also assumed that the adherents (the FRP and the substrate) have a constant
thickness along the bond line, while the interface separating the two adherents, which
has to represent all the bonding layers, is considered a zero-thickness element. Finally,
the interface is considered mostly stressed in shear, thus the effects of normal (peeling)
stresses are neglected.
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Figure 4.1: (a) Scheme of a pull-out test. (b) Free-body diagram of a differential element of
the system.
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4.2.1 Equilibrium and kinematic statements
In a typical pull-out test, as the one represented in Fig. 4.1a, the specimens presents an
FRP plate with a cross-section of base bf and thickness tf , and a bonded length lb shorter
than the total plate length L (Fig. 4.1a) pulled by a force F . The plate is glued to a
concrete block of sides bc× lc×hc by means of an adhesive layer of thickness ta. Adopting
the notations and sign conventions depicted in Fig. 4.1 and omitting for simplicity the
dependence from the coordinate x, is possible to write the equilibrium equation for a
differential element of the system (Fig. 4.1b) as
dN
dx
= τ(s)bf , (4.1)
being N the FRP axial force and τ(s) the tangential interface bonding stress dependent
from the displacement gap in tangential direction, namely slip, s. Since the slip is defined
as the relative displacement of the plate with respect to the substrate, which is taken here
as rigid, the following relationships holds
s = uf − us = uf , (4.2)
where us and uf are the displacements respectively of the substrate and of the composite
(Fig. 4.1b). By differentiation of Eq. 4.2 and introducing the Euler-Bernoulli relationship
between the generalized axial force and the axial strain lead to the following kinematic
statement
ds
dx
=
duf
dx
= εx =
N
EfAf
. (4.3)
Eqs. 4.1 and 4.3 are the differential equations governing the debonding problem, for
whose solution a set of boundary conditions (BC’s) should be given. In the present context,
three different sets of BC’s are of interest and can be applied in relation of the parameter
chosen to drive the test that can be: (i) the applied force (Fig. 4.2a); (ii) the loaded end
displacement (Fig. 4.2b); (iii) the free end displacement (Fig. 4.2c).
The solution of the system arising from Eqs. 4.1 and 4.3 together with the conditions
of Fig. 4.2 is allowed once the behavior of the interface is defined through a bond-slip law
τ(s).
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Figure 4.2: Suitable boundary conditions sets: (a) force driven test; (b) loaded end displace-
ment driven test; (c) free end displacement driven test.
4.2.2 Interface behavior under pure shear loading
In the literature many different shapes of interface law were proposed (see [6, 12, 45, 46,
49, 50] among others). For FRP joints, pure-shear cohesive law composed by an ascending
branch followed by a softening part (Fig. 4.3), is generally used [8, 9, 18, 53, 127].
The bilinear law (Fig. 4.3c), is frequently preferred because of its simplicity and suf-
ficiently accurate description of the experimental global behavior, although experimental
evidence shown that the relationship between shear stress τ and slip s is non-linear even
for low stress values [6]. Indeed, many authors (e.g. [53, 61, 87] among others) demon-
strated that the bilinear law correctly reproduces the main features of a pull-out test, like
the peak load and the corresponding loaded end displacement.
Hence, the bilinear cohesive law (Fig. 4.4) can be described by the relationship
τ(s) = (1−D(s))Kels . (4.4)
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Figure 4.3: Different shapes of the interface law τ−s: (a) elasto-brittle; (b) perfectly plastic;
(c) bilinear; (d) trilinear; (e) linear loading and non-linear softening; (f) power-fractional type.
where Kel is the initial linear elastic stiffness of the interface and D(s) is a damage pa-
rameter that rules the softening behavior (Fig. 4.4). To follow the linear softening branch
of the law the damage parameter can be written as
D(s) =

0 s ≤ s1
s2(s−s1)
s(s2−s1) s1 < s ≤ s2
1 s > s2
(4.5)
where s1 and s2 are the displacements at the onset of debonding and at complete separation
respectively. The maximum value of bonding stress τ attainable is called bond strength
τmax and it results equal to τmax = Kels1. The point (s1, τmax) marks the end of the linear
elastic stage (i.e. the onset of the debonding), while the point (s2, 0) corresponds to the
complete separation of the two adherents. The fracture energy Γf = ΓII at disposal is equal
to the area under the interface law (Fig. 4.4) and can be calculated as Γf = (τmaxs2)/2.
4.2.3 Numerical solution using a finite difference strategy
Using the strategy suggested in [128], and already used in [40, 117], the system arising
from Eqs. 4.1 and 4.3 can be formulated in vectorial form as
y′(x) = f(x,y(x)) , (4.6)
where in y(x) = [N(x), s(x)]T are grouped the functions of the unknown variables and
f(x,y(x)) is the vectorial right-hand-side term. Eq. 4.6 can be written in matrix form as
y′(x)−A(x,y(x))y(x) = 0 0 ≤ x ≤ lb , (4.7)
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Figure 4.4: Bilinear cohesive law and the corresponding damage parameter D.
together with the boundary conditions of Fig. 4.2 which become
B0y(0) +Blby(L)−α = 0 , (4.8)
where α is the vectorial form of the right-hand-side term that is imposed for the BC’s of
Fig. 4.2.
To numerically solve the system it is necessary to introduce a decomposition of the
interface domain (i.e. 0 < x < lb). To the purpose, a mesh of points 0 = x1 < x2 < · · · <
xN = lb with a constant step size hn = xi+1 − xi is introduced along the bonded length.
Then, the vectorial system of Eqs. 4.7 and 4.8 is solved via the trapezoidal finite difference
scheme, which approximate Eq. 4.6
y(i+1) − y(i)
hn
− 1
2
(
A(xi,y
(i))y(i) +A(xi+1,y
(i+1))y(i+1)
)
= 0
with i = 1, 2, . . . , N − 1 ,
(4.9)
where y(i) = y(xi). Following the same procedure the boundary conditions become
B0y
0 +Blby
N −α = 0 . (4.10)
Writing the entire system in a matrix form for the N point leads, after an adimension-
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Table 4.1: Parameters adopted for pure shear analyses.
τmax Kel Γf s1 s2
[MPa] [MPa/mm] [N/mm] [mm] [mm]
7.70 170 0.60 3.8 · 10−2 1.8 · 10−1
alization of the variables (see App. A for more details), to
S1 R1
. . .
. . .
Sj Rj
. . .
. . .
SN−1 RN−1
B0 Blb


y˜1
...
y˜j
...
y˜N−1
y˜N

−

0
...
0
...
0
α˜

= 0 (4.11)
where Sj = −I/hn − Aj/2, Rj = I/hn − Aj+1/2, I is the identity matrix, α˜ and y˜j
are respectively the adimensional imposed right-hand-side and the vector of the unknown
values corresponding to the jth node. The solution of the non-linear system of Eq. 4.11 is
iteratively obtained using the Newton method and applying the prescribed right-hand-side
term α˜ in steps. Moreover, the converged solution of the previous step is used as initial
guess. The complete expressions of B0, Blb , α˜, and Aj are reported, together with the
complete description of the numerical scheme adopted in App. A.
4.2.4 Pure shear analyses
In Fig. 4.5 are simulated the pull-out tests on concrete specimens described in par. 3.2
for the two bonded length lb=30 mm and 150 mm. The interface parameters that have
to be defined are: the maximum bonding stress attainable τmax, the initial linear elastic
stiffness of the interface Kel and the fracture energy at disposal Γf = ΓII . The slips
at the onset and complete debonding are calculated respectively as s1 = τmax/Kel and
s2 = (2Γf )/τmax. For the analyses presented here the parameters are summarized in
Tab. 4.1. A detailed explanation on how the interface parameters are calibrated is given
in par. 4.3.6.1.
Even if the data are quite scattered especially for short bonded lengths (but this is
usual for pull-out tests on FRP joints), some remarks can be drawn.
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Figure 4.5: Pull-out curves from pure mode-II cohesive model for the tests described in
par. 3.2: (a) specimen with lb=30 mm; (b) specimen with lb=150 mm.
The global behavior from numerical analyses agrees with the experimental evidence.
In particular, the transition form a post peak softening branch for short bonded lengths
(Fig. 4.5a) to an unstable snap-back behavior for long bonded lengths (Fig. 4.5b) is cor-
rectly reproduced. A certain mismatch in the pull-out curve at the free end F − s(0) is
observable in the final part of the test, especially for long bonded lengths. As reported in
par. 3.2.2, this fact is probably due to rotation of the free end of the plate that leads to
displacements at the free end bigger than the slip at the loaded end in the final part of
the tests.
In Fig. 4.6 the local behavior of the specimen with lb=30 mm for some load levels
highlighted in Fig. 4.5a is given. It it observable how the bonding stresses and the slips
are almost equally distributed along the entire bonded length (Fig. 4.6a,c), highlighting
a uniform loading of the joint. For the same reason, axial force and strains experience a
barely linear decrease from the loaded end toward the opposite side (Fig. 4.6a,c). This
behavior is observable also in Fig. 4.6f, where the stress-state at the loaded and free end
of the interface are almost equal. Concerning the failure mode, Fig. 4.6d reveals how the
free end debonding experimentally observed in par. 3.2 is completely missed. Indeed, the
damage of the interface starts at the loaded end and monotonically decrease toward the
free one.
Concerning the long bonded lengths, Fig. 4.7 points out some peculiar features of the
bonding behavior between FRPs and quasi-brittle substrates. For the points A-B-C of
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Figure 4.6: Results of the numerical analyses for the specimen with lb=30 mm at the load
levels A=· · · , B=—, C=−− and D=− · − represented in Fig. 4.5a: (a) slips; (b) axial force;
(c) bond stresses; (d) damage parameter; (e) axial strain; (f) (τ − s) values on the interface
law for the free and loaded end.
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Figure 4.7: Results of the numerical analyses for the specimen with lb=150 mm at the load
levels A=· · · , B=—, C=−− and D=− · − represented in Fig. 4.5b: (a) slips; (b) axial force;
(c) bond stresses; (d) damage parameter; (e) axial strain; (f) (τ − s) values on the interface
law for the free and loaded end.
Fig. 4.5b, the interface is divided in two segments, the first one, near the free end, which
is undamaged (or linear elastic) followed by a zone that has experienced a certain level of
damage (Fig. 4.7c,d). Along the elastic part of the interface, starting form the free end,
the bonding stresses increase until reaching the interface bond strength τmax, then they
monotonically decrease within the damaged part of the joint, reaching τ=0 when (1−D)=0
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(Fig. 4.7c,d). Differently, the axial force and strains exhibit a non-linear growth as long as
(1−D) 6=0, then they level off at a constant value pointing out a complete debonding of
a portion of the interface. When all the interface undergoes to softening (Figs. 4.5b and
4.7d, point D), the stresses monotonically decrease from the free end toward the loaded
one. Once more, the failure mechanism is not reproduced. In fact the damage (1 − D)
gradually increase from the loaded moving to the free end for the entire test until the
complete debonding of the interface, missing thus the two-way debonding experimentally
observed in par. 3.2.
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4.3 A novel mixed-mode model for the debonding of FRP
reinforcement
The geometry and the general scheme used for this model is the same of Fig. 4.1a. The
adopted notations, nomenclature and sign conventions are depicted in Figs. 4.1a, 4.8, 4.9.
Rigid support
Compliance volume
FRP
Cohesive interface
Glue
Deformable layer
Rigid support
Euler-Bernoulli
beam
tc
Figure 4.8: Scheme of the test specimen and definition of the compliance volume and modeled
layers.
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Figure 4.9: (a) Free-body diagram of an infinitesimal portion of FRP plate. (b) Kinematics
of the FRP plate.
The proposed model may be considered as an extension of the classic cohesive zone
model, as the one proposed in the previous par. 4.2 (or [40, 53, 61, 78, 87] among oth-
ers), therefore its main hypotheses still apply. In particular, the hypotheses of small
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displacements and constant direction of the force F are assumed. Even if debonding is
a sudden unstable mechanism (as described in pars. 2.1 and 2.4.1), dynamic effects are
neglected, thus limiting the application of the model to those cases where the process can
be considered as static [61].
4.3.1 Main hypothesis
To properly define the interface behavior, a “compliance volume” (Fig. 4.8), defined
as a portion of the block directly involved in the debonding process [41, 55], has to be
accounted for. It is composed of the adhesive film and a bulb of concrete substrate where
damage occurs and debonding crack propagates (bulk material). Because of the three-
dimensional effects illustrated in par. 4.2, the compliance volume has a complex shape in
the 3-D space, that, however, can be neglected under the hypothesis of sufficiently wide
reinforcement. Indeed, the bulk volume can be characterized only by its thickness tc,
estimated by many authors [6, 40, 117] ranging between 20 and 50 mm. This portion
of material can be seen as the outer layer of substrate where the effects of adhesion are
depleted, permitting thus to consider the remaining parts of the support block as rigid
(Fig. 4.8).
As stated before (par. 2.3), the cohesive interface laws collect all the non-linearities of
the debonding process depleted inside the compliance volume, including nucleation, coa-
lescence, and propagation of cracks [66, 87]. Differently from the pure shear models, here
also the displacements in normal direction (and thus shear and bending forces acting on
the composite) are taken into account. Indeed, once the plate is pulled, the displacements
in tangential and normal direction between the plate and the rigid support (respectively
called s or slip, and v or opening) induce, by means of the interface laws, a distribution
of shear τ(v, s) and normal (peeling) stresses σ(v, s) along the bonded length (Fig. 4.9a).
In the framework of lower-order solutions, the assumption of constant interface stresses
across the adhesive thickness – which is usually very thin (0.2-2.0mm) and soft – is allowed
even if it leads to the violation of the zero-shear condition at the plate edges [63].
As a consequence of the aforementioned hypotheses, from a mechanical viewpoint the
proposed model can be regarded as a linear-elastic Euler-Bernoulli beam leaning on a bed
of tangential and normal non-linear springs [36].
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4.3.2 Kinematic statements and compatibility equations
From a kinematic viewpoint the displacement gaps s and v, in the following collected
into the vector ρ = {v, s}T , are defined as the difference of the displacements between
FRP plate and substrate
ρ =
{
v
s
}
=
{
vFRP − vs
uFRP − us
}
(4.12)
where the subscript ‘s’ states for the support block that in the present model is considered
as rigid, thus the related terms are nil. Furthermore, the displacements sFRP and vFRP of
the plate are referred to its bottom face. Therefore, considering a generic deformed cross
section of the beam, where ϕ describes its plane rotation and u, v represent longitudinal
and transverse displacements of the centroid, Euler-Bernoulli hypotheses lead to s =
u − ϕtf/2, whereas the transverse displacement v virtually coincides with the one of the
section centroid (Fig. 4.9b).
Stating the hypothesis of linear-elastic behavior of the plate and according to the Euler-
Bernoulli beam theory, axial strain of the middle plane ε and curvature of the cross-section
χ con be expressed as:
ε =
N
EfAf
, χ =
M
EfIf
(4.13)
where Ef is Young’s modulus of the material and Af = tfbf , If = bf t
3
f/12 represent area
and moment of inertia of the cross section.
Introducing the kinematic relationships between generalized displacements and strains
of the Euler-Bernoulli beam and using Eq. 4.13, the following compatibility equations,
which apply for the whole plate, can be written:
du
dx
= ε =
N
EfAf
(4.14a)
dv
dx
= ϕ (4.14b)
dϕ
dx
= −χ = − M
EfIf
(4.14c)
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4.3.3 Equilibrium, governing equations and boundary conditions
Considering the free-body diagram of a portion of beam of infinitesimal length (Fig. 4.9a),
its equilibrium equations, neglecting second order terms, are:
dN
dx
= τ(v, s)bf (4.15a)
dV
dx
= σ(v, s)bf (4.15b)
dM
dx
= V + τ(v, s)bf
(
tf
2
+ ta
)
(4.15c)
where N, V, M represent axial force, shear force, and bending moment respectively. In the
unbonded part of the plate the same equations apply provided that no cohesive stresses σ
and τ are present.
To solve the system of first order differential equations arising from Eqs. 4.14 and
4.15, a set of boundary conditions is provided in Fig. 4.10. The model allows controlling
the force applied at the loaded end or the axial displacement u¯ either at the loaded end
(x = L) or at the free end (x = 0). The restraint of the displacement at the loaded end of
the plate reproduces the grip of the testing machine (Fig. 4.10).
4.3.4 Mixed bond-slip laws
Mixed cohesive interface laws σ(v, s) and τ(v, s) are defined starting from simple bi-
linear models proposed for pure shear and traction behavior and adopting the fictitious
crack model approach [73–76] (see par. 2.3).
As discussed in par. 4.2.2, the behavior of the interface in pure mode-II (shear) can
be described by a bilinear law (Fig. 4.11a, σ = 0). In fact, it describes well the main
characteristics of a pull-out test in spite of its simplicity [53, 61, 87].
To define the normal behavior, a bilinear cohesive law can be adopted in case of pure
traction (v ≤ 0 and τ = 0, Fig. 4.11b). In compression, a linear elastic response is used
(v > 0, Fig. 4.11b). The hypothesis is reasonable [53, 127] considering the low expected
stresses in comparison with the compressive strength of the material [24, 129].
The coupled tangential and normal laws display a linear elastic behavior up to cracking,
which occurs simultaneously [53, 78]. The maximum shear and normal stresses (τmax and
σmax) attained in the linear-elastic regime are coupled by a cracking criterion (Fig. 4.12a)
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Figure 4.10: Mechanical model with boundary conditions: (a) applied force control; (b)
displacement control at the loaded end; (c) displacement control at the free end.
while the failure is governed by an energy-based criterion (Fig. 4.12b). Moreover, because
peeling and shear effects are both depleted in a unique compliance volume, the softening
behavior of the laws in normal and tangential direction is governed by a scalar damage
parameter.
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Figure 4.11: Implemented cohesive laws: (a) tangential direction; (b) normal direction.
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4.3.4.1 Linear elastic behavior and cracking criterion
The cohesive laws implemented herein (Fig. 4.11) present an initial linear-elastic (LE)
branch characterized by the stiffnesses Kσ and Kτ in normal and tangential direction
respectively. In the LE branch the stresses σ and τ are dependent on the interfacial
displacements gaps only. Thus, a point along the interface shows a linear-elastic behavior
as long as it remains inside an “elastic domain” (Fig. 4.12a), which is here described
through the relation proposed in [130]:
τ ≤
√
(c− σ tanφ)2 − (c− fct tanφ)2 (4.16)
where c, φ and fct are respectively the cohesion parameter, the friction angle, and the
tensile strength of the substrate. The equal sign in Eq. 4.16 applies for the frontier of the
elastic domain, also called “cracking limit surface” (Fig. 4.12a), which gives the values
(σmax(s1, v1), τmax(s1, v1)) at the onset of cracking (beginning of the softening stage).
Whilst φ is assumed as a material property, the value of the cohesion parameter c
c =
(fct tanφ)
2 + τ20
2fct tanφ
(4.17)
is obtained by imposing the passage of the criterion (Eq. 4.16) through the point (0, τ0),
i.e. point B in Fig. 4.12a, where τ0 is the pure shear strength. From Eq. 4.16 it can be
observed that the pure tensile strength of the interface is limited by the tensile strength of
the substrate fct (pointD in Fig. 4.12a), accordingly to the widely accepted hypothesis that
the substrate is the weakest material composing the interface [18, 85]. The displacements
v1 and s1 at the onset of cracking are calculated using the LE stiffnesses:
ρ1 =
{
v1
s1
}
=
[
K−1σ
0
0
K−1τ
]
︸ ︷︷ ︸
K−1
{
σmax
τmax
}
(4.18)
where K = diag[Kσ,Kτ ] is the stiffness matrix of the interface, in which no dilatancy
phenomena are accounted for.
The criterion in Fig. 4.12a shows the coupling of the maximum stresses at cracking:
the maximum tangential stress τmax decreases in presence of tensile stresses (point C in
Fig. 4.12a), whilst increases in case of compression (point A in Fig. 4.12a). The adopted
curve is asymptotic to the Coulomb criterion for σ → ∞ (Fig. 4.12a), pointing out the
predominant role of friction for high compressive stresses.
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Figure 4.12: (a) Adopted cracking criterion. (b) Implemented energy-based failure criterion.
4.3.4.2 Softening branch and failure criterion
The post-peak behavior of the laws is defined assuming that, whatever displacement
path is followed during the debonding process, the softening stages in normal and tangen-
tial direction ends together. This assumption seems reasonable because the compliance
volume subject to damage is unique, thus the complete decohesion or failure occurs si-
multaneously in both directions. From this hypothesis follows the adoption of a unique
damage parameter. To the purpose an equivalent cohesive law taking into account both
opening and tangential displacements is defined following an approach similar to the one
proposed in [64] for finite element analysis of analogous problems.
The bilinear equivalent law (Fig. 4.13a) relates an equivalent total stress σeq to the
total displacement jump:
δ(v, s) = ‖ρ‖2 =
√
〈v〉2− + s2 (4.19)
where 〈·〉−, namely the Macaulay brackets, selects the negative part of a number. The
total energy at disposal GTOT (i.e. the area encompassed by the equivalent curve) descends
from the hypothesis of bilinearity of the equivalent law and must be equal to the sum of
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Figure 4.13: (a) Equivalent cohesive law. (b) Damage parameter D as a function of the
total displacement jump δ.
the energies at disposal for the mode-I and -II processes GI(v, s) and GII(v, s)
GTOT (v, s) =
1
2
δ1Keqδ2 =
1
2
σeqδ2 = GI(v, s) +GII(v, s) (4.20)
where Keq is the equivalent initial LE stiffness, σeq is the maximum equivalent stress, and
δ1 and δ2 are the total displacement jumps respectively at the onset of softening branch
and at complete decohesion. Following Eq. 4.19 it is possible to define:
δ1(v1, s1) = ‖ρ1‖2 =
√
v12 + s12 (4.21)
δ2(v2, s2) = ‖ρ2‖2 =
√
v22 + s22 (4.22)
where ρ2 = {v2, s2}T is the vector collecting the ultimate displacements in normal-tensile
and tangential direction. Moreover, using a vector notation, similarly to Eq. 4.20, it is
possible to write:
GTOT (v, s) =
1
2
ρT1Kρ2 (4.23)
which implies that the areas encompassed by the cohesive laws GI(v, s) and GII(v, s),
whatever softening path is followed, are equal to the ones of bilinear laws with the same
strength and ultimate displacement. In Eq. 4.23 two unknowns are present, v2 and s2,
thus a failure criterion must be adopted as additional equation.
Failure occurs when the complete decohesion of the interface (i.e., full debonding)
is attained. In the present study an energy-based “failure criterion” similar to the one
proposed in [53, 127] is adopted (Fig. 4.12b):
GI(v, s)
ΓI
+
GII(v, s)
ΓII
= 1 (4.24)
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where ΓI , ΓII are the pure mode-I and -II fracture toughnesses of the interface. In gen-
eral, the values of GI(v, s) and GII(v, s) depend on the softening branch, thus on the
displacement path followed. Assuming that:
s2/v2 = s1/v1 (4.25)
as suggested in [71, 72], permits to obtain the equation:
GII(v, s) =
τmaxs1
σmaxv1
GI(v, s) (4.26)
which is represented in Fig. 4.12b with a dashed line in the (GI − GII) plane. The
hypothesis in Eq. 4.25 leads to linear softening branches in case of softening displacement
path characterized by a constant ratio s/v = s1/v1 , holding the condition of simultaneous
failure in both directions. Eq. 4.25 can be justified considering that, while the strength
of the interface is given as a physical parameter, the initial tangential stiffnesses Kτ and
Kσ can be defined with the only purpose of best fitting the experimental data. This is
possible because the displacements at the onset of damage (v1, s1), which define the initial
stiffnesses, are very low in comparison with the ones at complete debonding (usually the
ratio ranges between 1/6 and 1/12). Moreover, the global behavior, which is mainly
governed by the fracture energy at disposal GTOT and by the softening branch of the
cohesive law, is barely influenced by the choice of (v1, s1) [71] once that suitable values of
(v2, s2) have been defined. Such conditions lead to high values of the initial stiffness that
may be seen as penalty parameters, aimed only to fit the experimental data, taking care
of avoiding ill conditioning of the problem. Penalty parameters are also mandatory to
ensure a good pre-cracking behavior and a good agreement between the cohesive models
and the well established linear elastic fracture mechanics (LEFM) approach [71]. In this
way, the displacements (v1, s1) result more related to the penalty coefficients than to the
debonding behavior, therefore the hypothesis formulated in Eq. 4.25 does not affect the
soundness of the method [71, 72]. Finally, if Kτ and Kσ can not be considered as penalty
parameters, Eq. 4.25 assumes the role of an approximation, which is acceptable in the
present case, as also stated in [72] but, in general, its eligibility should be checked [71].
The intersection between Eq. 4.24 and Eq. 4.26 (point E in Fig. 4.12b) defines the
fracture energies GI(v, s) and GII(v, s) at disposal. Thus, the displacements at which the
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softening branches end is
ρ2 =
{
v2
s2
}
=

2GI(v, s)
σmax
2GII(v, s)
τmax
 (4.27)
It is now possible to completely define the total displacement law represented in Fig. 4.13a.
In particular, the equivalent maximum stress σeq and the initial equivalent stiffness Keq
are written exploiting the bilinearity of the cohesive law:
σeq = 2
GTOT (v, s)
δ2
(4.28)
Keq =
σeq
δ1
= 2
GTOT (v, s)
δ1δ2
(4.29)
For pure shear or traction the equivalent model degenerates into the pure mode laws, as
shown in Fig. 4.12a points B (pure shear), and D (pure traction). It has to be noticed
that in the case of tension (Fig. 4.11a and point C in Fig. 4.12a) the friction is ignored
after complete debonding (i.e., τfrict = 0). On the contrary, for compression (Fig. 4.11 and
point A in Fig. 4.12a) the fracture energy available during debonding remains equal to ΓII
and the increment of the maximum tangential stress is supposed due to friction only (i.e.,
the curve continues after the softening branch with a horizontal plateau τfrict = τmax−τ0).
Once the total displacement law is defined, it is possible to introduce a damage pa-
rameter D [64] that governs its softening behavior (Fig. 4.13b):
D(v, s) =

0 δ(v, s) ≤ δ1
δ2(δ(v,s)−δ1)
δ(v,s)(δ2−δ1) δ1 < δ(v, s) < δ2
1 δ(v, s) ≥ δ2
(4.30)
where D ranges between 0 (undamaged state) and 1 (fully damaged state or debonded
interface). Therefore, the fully coupled cohesive law in term of total displacement jump δ
results:
σeq = (1−D(v, s))Keqδ(v, s) (4.31)
Splitting the equivalent stress into the peeling and shear components gives:
σ(v, s) =
{
σ(v, s)
τ(v, s)
}
= (1−D(v, s))Kρ (4.32)
The coupled laws are bilinear in the particular case of constant ratio s/v during the whole
softening process. Nevertheless, also in the general case, the softening branches are not far
from linearity (as observable in par. 4.3.7.3), confirming the rationality of the formulated
assumptions.
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4.3.5 Numerical solution via finite difference method
To solve the numerical problem a strategy similar to what illustrated for the pure
mode-II model in par. 4.2.3 is used. The only difference is the number of unknowns and
equations that has growth from two to six. Indeed, the vector collecting the unknowns is
now y = [N,V,M, u, v, ϕ]T , the vectors have dimension [6 × 1] and the matrices [6 × 6].
Nevertheless the general formulation from Eqs. 4.6-4.11 is still valid, while the detailed
description of the numerical strategy and the matrices employed are reported in App. B.
4.3.6 Validation and comparison with experimental results
To validate the model, some comparisons with experimental data published in the
literature were carried out. In particular, results illustrated in par. 3.2 and published in
[1] and data from Chajes et al. [2] and Mazzotti et al. [3] were chosen because the bonded
lengths lb span from short to long.
4.3.6.1 Calibration of the parameters
To determine the main features of the interface in pure tensile and tangential stress
state a unified approach was followed, starting from the mechanical parameters summa-
rized in Tab. 4.2. The mode-II fracture toughness, if not provided by the authors (as in
[1, 3]), was calculated from the maximum debonding force of the longest specimens solving
for ΓII the formula proposed in [8]:
Fmax = bf
√
2Ef tfΓII (4.33)
The approach is admissible because in long specimens the pure mode-II sliding process
prevails, as demonstrated in par. 3.2. Moreover, Eq. 4.33 is not related to any empirical or
semi-empirical coefficients (see for instance [8, 9]) but it descends from a well established
mechanical model (see par. 2.1.1). In this way, the introduction of new errors caused
by coefficients not directly calibrated on the used tests has been avoided. If not directly
specified (as in [1, 3]), the maximum shear stress attainable in pure mode-II was determined
as:
τ0 =
2ΓII
s2
(4.34)
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where the slip s2 was esteemed from the experimental τ − s laws obtained by integrating
the strains measured over the reinforcement with the method detailed in par. 3.2.2.3. The
mode-I fracture toughness was determined, following [131], as:
ΓI = Gf0
(
fcm
fcm,0
)0.7
(4.35)
where Gf0 is a coefficient related to the maximum aggregate diameter dmax, equal to 0.030
N/mm for dmax = 16 mm and 0.058 N/mm if dmax = 32 mm, and fcm,0 = 10 MPa. The
only exception is done for the results presented in par. 3.2 where the value of the mode-I
fracture toughness is esteemed from flexural tests as explained in par. 3.2.1.3. In addition,
since the flexural tensile strength ft,flex is determined, the direct tensile strength is here
calculated following what stated in [110] as fct = 0.5ft,flex. In [3] the tensile splitting
strength ft,split was determined, which is related to the mean direct tensile strength by the
relationship suggested by [131] fct = 0.9ft,split. Differently, in [2] the direct tensile strength
was esteemed using the formula suggested by [110] as fct = 0.3f
(2/3)
c . The stiffnesses of the
linear initial branches Kσ and Kτ were determined by means of a trial-and-error procedure
to best fit the numerical pull-out curves to the experimental ones. The parameters adopted
in the following simulations are reported in Tab. 4.3. For all the simulations the friction
angle was φ=30◦. For the numerical model, the pulling force applied to the reinforcement
was calculated as F = N(L). Finally, since in the experimental tests displacements
and strains were measured at the top of the reinforcement, for proper comparisons the
numerical results were computed at the top surface, i.e. s = u+ϕtf/2 and ε = N/EfAf −
Mtf/2EfIf .
Table 4.2: Mechanical properties of the materials employed in the tests used to validate the
model.
Ref.
Ef Ec νc Gc fc fct Ea νa Ga
[GPa] [MPa] [-] [MPa] [MPa] [MPa] [MPa] [-] [MPa]
[1] 168 500 28 700 0.2 11 900 37.2 3.0 3 500 0.3 1 350
[2] 108 300 32 400 0.2 13 500 36.4 2.9 1 600 0.3 609
[3] 165 500 30 700 0.2 12 510 52.6 3.4 12 840 0.3 4 950
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Table 4.3: Adopted parameters of the interface laws.
Ref.
τ0 ΓII Kτ fct ΓI Kσ
[MPa] [N/mm] [N/mm3] [MPa] [N/mm] [N/mm3]
[1] 6.5 0.60 170 2.4 0.10 410
[2] 7.0 0.98 245 2.9 0.07 615
[3] (1) 9.1 0.53 525 3.4 0.14 1 300
[3] (2) 6.6 0.54 320 3.4 0.14 795
(1) bf=50mm.
(2) bf=80mm.
Table 4.4: Stiffnesses and values of the different thicknesses composing the compliance vol-
ume.
Ref.
Kτ Kσ ta tc
[N/mm3] [N/mm3] [mm] [mm]
[1] 170 410 1.20 55
[2] 245 615 1.06 20
[3] (1) 525 1 300 1.50 20
[3] (2) 320 795 1.50 35
(1) bf=50mm.
(2) bf=80mm.
4.3.6.2 Comparison with the results of par. 3.2 - Carrara et al. [1]
In the following the experimental results illulstrated in par. 3.2 are simulated. The val-
ues of the mechanical characteristics employed in the analyses are summarized in Tab. 4.2.
In Fig. 4.14 numerical and experimental results are compared for the specimens with
bonded length lb of 150 mm (Ca 150/30 ) and 30 mm (Ca 30/30 ). For short bonded
lengths highly scattered experimental results have been observed (Fig. 4.14c), because of
the local conditions (e.g. heterogeneities, defects, and aggregate size) that influence deeply
the global and local behavior. Nevertheless, the trends of the pull-out curves and strain
profiles are well predicted.
For long bonded lengths the global behavior is accurately reproduced (Fig. 4.14a) and
the strain profiles are caught until the beginning of the unstable phase (Fig. 4.14b). The
curves appear close to the ones obtained using the classic pure shear model described in
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par. 4.2.4 and similar to the one adopted in [40] (dotted curves in Figs. 4.14a,c), which
are computed using the parameters of the pure mode-II law reported in Tab. 4.1 and used
also in Tab. 4.3.
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Figure 4.14: Comparison between numerical and experimental results [1] (a) global behavior
of Ca 150/30 test, (b) strain profiles at various load levels for Ca 150/30 test, (c) global
behavior of Ca 30/30 test, (d) maximum pulling force vs. bonded length curve.
In Figs. 4.15, 4.16 the numerical solutions along the bonded length of specimens
Ca 150/30 and Ca 30/30 respectively are reported at various instants of the debond-
ing process (represented with dots in Fig. 4.14a,c). In Fig. 4.17 the damage maps are
reproduced. It must be highlighted that, in order to reproduce the damage maps, the
width represented in the picture is only indicative because the model proposed here is
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Figure 4.15: Numerical results for the specimen Ca 150/30 at the load levels A=· · · , B=—
and C=−− of Fig. 4.14a. (a) Axial force; (b) shear force; (c) bending moment; (d) slip; (e)
opening displacements; (f) rotation; (g) bond stress; (h) peeling stress; (i) damage. (Classic
shear model results are reported in red).
plane and cannot reproduce the transversal behavior of the FRP.
The present model is able to reproduce the two-way debonding experimentally observed
in long bonded lengths, whereas the pure shear model does not (see par. 4.2.4). Indeed, the
damage in the ascending branch (point A in Fig. 4.14a) presents a high damage level (up
to 0.4) at the loaded end, whereas the free end appears still intact (dotted curve Fig. 4.15i
and Fig. 4.17a). During the sub-horizontal plateau (point B in Fig. 4.14a), the damage at
the loaded end increases and propagates toward the free end (solid line in Fig. 4.15i and
Fig. 4.17b). Approaching the unstable snap-back branch (points C in Fig. 4.14a), the crack
propagating from the loaded end has experienced only a limited widening and a second
crack is present at the free end (dashed line in Fig. 4.15i and Fig. 4.17c). Differently,
as outlined in par. 4.2.4, in the pure shear model the damage starts at the loaded end
and propagates toward the opposite side until the complete debonding (red curves in
Fig. 4.15i).
Concerning short bonded lengths, the free end debonding is correctly reproduced as
clearly outlined in Fig. 4.17c-e. Indeed, the debonding begins at the free end during the
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Figure 4.16: Numerical results for the specimen Ca 30/30 at the load levels A=· · · , B=—
and C=−− of Fig. 4.14c. (a) Axial force; (b) shear force; (c) bending moment; (d) slip; (e)
opening displacements; (f) rotation; (g) bond stress; (h) peeling stress; (i) damage. (Classic
shear model results are reported in red).
Figure 4.17: Damage maps for the load levels of Fig. 4.14a,c: (a) Ca 150/30 point A; (b)
Ca 150/30 point B; (c) Ca 150/30 point C; (d) Ca 30/30 point A; (e) Ca 30/30 point B; (f)
Ca 30/30 point C.
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loading phase (dotted line in Fig. 4.16i and Fig. 4.17c related to point A in Fig. 4.14c), as
in the experimental tests. Then, the damage propagates toward the loaded end until the
peak load (solid line Fig. 4.16i and Fig. 4.17d related to point B in Fig. 4.14c) and the
subsequent softening stage (dashed line in Fig. 4.16i and Fig. 4.17e related to point C in
Fig. 4.14c). Differently, for the pure shear model the damage of the interface monotonically
increases from the free end to the loaded one.
The maximum force Fmax is well reproduced for all the specimen lengths lb (Fig. 4.14d),
and the prediction is similar to the one achieved with the classic pure shear model (dashed
line in Fig. 4.14d).
Numerical results emphasize also how the out-of-plane (i.e. peeling) displacements
can affect the failure mode. In Fig. 4.18 the vertical displacement from the analyses are
shown. It is possible to observe how, the two-way debonding is associated with high
values of the uplifting at the free end during the late stage of loading only (point C in
Fig. 4.18a and dashed curve in Fig. 4.15e), while during the early phase the tangential
displacement prevail (Fig. 4.15d), clarifying the formation of two cracks. On the contrary,
for short bonded lengths, the free end debonding is associated with high values of the
uplifting since the very beginning of the test (point a in Fig. 4.18b and dotted curve
in Fig. 4.16e). As the debonding progresses the out-of-plane displacement continues to
increase, explaining the crack propagation observed during the experimental tests.
4.3.6.3 Comparison with Chajes et al. [2]
Chajes et al. [2] executed four single-lap shear tests using a CFRP plate of width bf
of 25.40 mm (1 in), thickness tf of 1.02 mm and varying the bonded length from 50.8 mm
(2 in) to 203.2 mm (8 in). The mean thickness of the glue layer ta was 1.60 mm. The
various mechanical properties of the materials employed are summarized in Tab. 4.2.
In Fig. 4.19 the comparisons between experimental and numerical results are re-
ported for the specimens with bonded length lb of 203.2 mm (Ch 203/25 ) and 50.8 mm
(Ch 50/25 ). The experimental pull-out curves were calculated by integrating the pub-
lished strain profiles starting from the free end, where the displacement s(0) was neglected.
This is generally correct for long bonded lengths and until the peak, but in the post-peak
branch or for short bonded lengths the displacement at the free end is similar to the one
at the loaded end. For this reason the comparisons with the experimental results have
been performed using also the value of s(lf ) − s(0). Apart a limited scattering for high
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Figure 4.18: Out-of-plane displacements for the load levels of Fig. 4.14a,c: (a) specimen
Ca 150/30 ; (b) specimen Ca 30/30.
load levels in short bonded lengths, due to the unavoidable influence of heterogeneities,
a very good agreement is found. In particular, the global behavior until the peak load is
well predicted (Fig. 4.19a,c), as well as the trend of the strain along the bonded length
(Fig. 4.19b). The maximum transmissible force Fˆ as a function of the bonded length lb is
adequately reproduced (Fig. 4.19d); the only exception is the specimen with lb=101.6mm
for which the experimental maximum pulling force appears anomalous also in other studies
(e.g. [3]).
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Figure 4.19: Comparison between numerical and experimental results [2] (a) global behavior
of Ch 203/25 test, (b) strain profiles at various load levels for Ch 203/25 test, (c) global
behavior of Ch 50/25 test, (d) maximum pulling force vs. bonded length curve.
4.3.6.4 Comparison with Mazzotti et al. [3]
Mazzotti et al. [3] executed some experimental tests using plate widths of 50mm and
80mm and bonded lengths of 50-100-200-400 mm. The mean thicknesses of the plate tf
and of the adhesive ta were 1.2 mm and 1.5 mm respectively. The bonded lengths of the
specimens started 40 mm far (Setup B) or in correspondence (Setup A) of the block edge.
For the comparisons, only the Setup B tests are taken into account, because the proposed
model does not reproduce edge effects. The main mechanical properties of the materials
are presented in Tab. 4.2.
In Fig. 4.20 the numerical analyses and the experimental results are compared for the
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Figure 4.20: Comparison between experimental and numerical results [3] (a) global behavior
of Ma 50/50 test, (b) strain profiles at various load levels for Ma 50/50 test, (c) global
behavior of Ma 400/80 test, (d) maximum pulling force vs. bonded length curve.
specimens with lb=50 mm and bf=50 mm (Ma 50/50 ) as well as lb=400 mm and bf=80
mm (Ma 400/80 ). Pull-out curves are obtained by numerical integration of strain profiles,
as in the previous par. 4.3.6.3. The global behavior is well predicted until the load peak of
the pull-out curves (Fig. 4.20a,c). For long bonded lengths, after the peak the numerical
curve displays a plateau whereas the experimental curve shows an unusual softening path
(Fig. 4.20c), leading thus to a certain mismatch in the corresponding strain profiles. For
the short bonded lengths the strain profiles are well predicted (Fig. 4.20b). Considering
the unavoidable scattering of the experimental results, the maximum pulling force is well
reproduced for all the specimen lengths (Fig. 4.20d).
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4.3.7 Discussion of the results
4.3.7.1 Global behavior
As previously observed, the numerical and experimental pull-out curves are generally
in good agreement. Nevertheless, a dispersion is observed for short bonded lengths, which
is probably related to the substrate heterogeneities. For instance, in Fig. 4.14d the ex-
perimental values of Fˆ for the specimens with lb=30 mm range from about 2.0 kN to 6.0
kN and the global curves are very scattered (Fig. 4.14c). Anyway, apart these very short
lengths, the maximum pulling forces are predicted with good accuracy.
It must be highlighted that the post snap-back branch of the pull-out curves appears in
the numerical analyses as a line, whilst the tests ([1, 83] and Fig. 4.14a) display a curve; the
same occurs for the late loading phase. These differences are due to the choice of bilinear
equivalent cohesive law. Adopting fully non-linear laws (for example [6]) would probably
mitigate these differences. Finally, the comparisons with the classic pure shear model
displayed good compatibility in pull-out curves and maximum debonding force prediction.
4.3.7.2 Interfacial LE stiffnesses
As observable in Tab. 4.3 the tangential stiffnesses Kτ for the various analyses are 2-3
times smaller than the normal stiffnesses Kσ. Such condition seems confirmed by the very
small out-of-plane displacements reported, for example, in [1, 83, 126].
In [8] the initial LE tangential stiffness of the interface is obtained as:
Kτ =
c1
ta
Ga
+ tc
Gc
(4.36)
where c1 is a corrective coefficient ranging from 0.5 to 0.7 as a function of the thickness
tc. If c1=1, Eq. 4.36 provides the equivalent stiffness of two springs in series representing
the tangential elastic behavior of the adhesive layer ′a′ and the deformable substrate ′c′.
Following the same approach, the LE stiffness in normal direction will be:
Kσ =
c2
ta
Ea
+ tcEc
(4.37)
The coefficients c1 and c2 should take into account the simplifying assumption of con-
tinuous and homogeneous support material and that the real process is three-dimensional.
Moreover, c1 and c2 have to encompass all the aleatory and deterministic peculiarities of
the substrate material not directly taken into account by the cohesive law parameters.
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Indeed, some studies [1, 83] pointed out the role of parameters as the material employed
(concrete, clay bricks or masonry blocks), the presence of aggregates or heterogeneities
and their size, the strength and porosity of the substrate and the diffusion of the stresses
inside the support block. Therefore, the parameters Kτ and Kσ can vary among a very
wide range of values, as pointed out in Tab. 4.3. The coefficients c1 and c2 proposed in the
code-standard [8] assume the meaning of conservative corrective parameters, which have
to take into account the worst combination of factors affecting the debonding process.
For these reasons, the values of stiffnesses in normal and tangential directions are
presented here imposing c1=c2=1. Starting from the fitted values of Kτ (Tab. 4.4), and
the measured adhesive thicknesses ta, it is possible to compute tc by means of Eq. 4.36.
As observable in Tab. 4.4, the values of tc range between 20 and 55 mm, similarly to what
esteemed in [6, 40, 117].
4.3.7.3 Local behavior: strain profiles, peak stresses and interface laws
The model correctly reproduces the strain profiles of the various tests, at least until
the detachment of a bulb of substrate material at the free end. In [1, 33, 83] as well as
in the previous Sect. 3, a wedge at the loaded end is sometimes observed. During the
final part of the tests the local effects induced by the free end bending of the plate and
the formations of the aforementioned bulbs prevail, changing drastically the physics of the
problem, sometimes leading to a sign inversion of the strain values (e.g. in the experimental
strain profile for F=12.0 kN, Fig. 4.14b). Indeed, the material wedge detached at the free
end causes an increase in the opening displacements v, and thus of bending at the free
end of the plate. Such behavior is responsible also of the overestimation of the free end
slip illustrated in par. 3.2.2. As mentioned in par. 4.3.1, the present model misses such
peculiarity, strongly related to the behavior of the disturbed regions of the compliance
volume.
Considering the local influence of the peeling stresses, the proposed model reproduces
the variations of maximum shear stress τmax along the bonded length indirectly deduced
with the experimental results presented in Sect. 3 (Fig. 4.21). Indeed, the plate bending
induces normal stresses leading to a decrease or an increase of the shear strength in
the zones subjected respectively to traction or compression. This peculiarity, which is
strongly related to the observed changes in the failure mechanism (as better explained in
par. 4.3.7.4), is missed by the classic pure shear model that, consequently, is not able to
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reproduce correctly the failure process (see par. 4.2.4). In particular, for short bonded
lengths the results in terms of bond stresses and damage profiles are totally contrasting
(Figs. 4.16g,i).
0 5 10 15 20 25 30
x [mm]
2
4
6
8
10
τ
m
a
x
[M
P
a
]
τmax
τ0
0 30 60 90 120 150
x [mm]
2
4
6
8
10
τ
m
a
x
[M
P
a
]
τmax
τ0
(a) (b)
Figure 4.21: Maximum shear stresses along the bonded length. (a) Specimen Ca 150/30,
(b) specimenCa 30/30.
For the numerical simulations Ca 150/30 and Ca 30/30 Fig. 4.22 shows normal and
tangential local cohesive laws at the free end (F ), at the bonded length half-section (H),
and at the loaded end (L). In particular, in Fig. 4.22c the curve L at the loaded end
of the test Ca 150/30 displays a horizontal friction branch after the softening phase of
the cohesive law due to the presence of compressive stresses. This behavior was observed
only in long bonded lengths; indeed no friction branches were reached for Ca 30/30 test
(Fig. 4.22f). Apart for the friction branch, no unloading paths have been observed in
tangential direction (Figs. 4.22c,f).
For the normal behavior, Fig. 4.22b points out that significant peeling and compressive
stresses are present in small portions at the free end and at the loaded end respectively.
Differently, in the central part of the plate (curves H in Fig. 4.22) the values of the normal
stress are very low, usually oscillating around zero and the local bond-slip relationship
is similar to the one of the pure shear model (dashed curves in Figs. 4.22c,f). The last
remark is also supported by the maximum tangential stress profiles (Fig. 4.21), which
reveal a shear strength τmax in the central part of the plate very close to τ0. This confirms
that, at least in the central part of the plate, the debonding can be approximated to a
mode-II process, whilst at the loaded and free end a mixed process takes place. Finally,
Fig. 4.22 demonstrates that the resulting cohesive laws are not far from bilinearity, as
introduced in par. 4.3.4.2.
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The mixed mode influence is also clearly visible in Fig. 4.23 where are shown the
(σmax, τmax) and (GII , GI) points for the specimen Ca 150/30 related respectively to the
cracking and the failure criterion illustrated in par. 4.3.4. Fig. 4.23a clearly show that
in the central part of the plate peeling stresses do not affect the pure-shear strength (i.e.
σmax ' 0), while there is an increase of shear strength at the loaded end due to compressive
peeling stresses and a reduction of strength at the free end because of the tensile stresses
present. Conversely, Fig. 4.23b highlights how the points of the interface at the free end
are characterized by a reduction of the mode-II fracture energy at disposal accompanied
by a more incisive role of the mode-I cracking process.
4.3.7.4 Debonding mechanism
Considering the debonding mechanism, the proposed model is able to predict, probably
for the fist time for a simple cohesive zone model, the changes in the debonding mechanism
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Figure 4.23: Specimen Ca 150/30 : (a) cracking criterion; (b) failure criterion.
of the externally glued FRPs reinforcements. In fact, both the two-way debonding mech-
anism (for long bonded lengths) and the free end debonding (in short bonded lengths),
observed experimentally in the experimental campaigns illustrated in Sect. 3, are correctly
reproduced although missed by the classic pure shear model.
The changes in the failure mechanism are due to the presence of significant peeling
stresses at the free end of the reinforcement, as explained in par. 4.3.7.3. Such stresses
cause a radical change in the damage process. Indeed, the lower shear strength induced
by plate bending at the free end allows damaging of this zone while the central part of
the bonded reinforcement is still sound. Moreover, at the free end the fracture process
deviates from the classic mode-II process and the mode-I influence becomes prominent. In
this zone the formation of a material bulb leads to a debonding process strongly related to
both the damage of the support material and of the interface. In other words, the failure
process depends also on the stress state of the compliance volume that should be studied
with sound models. Such observation leads to non-local models, as the one proposed by
Marfia et al. [116], in which it is observable for long bonded lengths a damage of the free
end of the plate while the central part is still sound.
4.3.8 Conclusive comments
A novel cohsive model which couples normal (peeling) and tangential (shear) stresses
has been formulated and presented.
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Some experimental tests from the literature ([1–3]) have been simulated and the re-
sults have been discussed. Moreover, analyses with already validated models have been
performed and compared to previsions from the present model. A good agreement with
tests is found and the improvements of the proposed model compared to pure shear model
have been proved. In particular, it is possible to highlight that:
- The presence of significant normal stresses at the ends of the plate influences the
maximum shear stress attainable leading to variable bond-slip laws along the bonded
lengths;
- Taking into account the effects of out-of-plane displacements in reinforcements loaded
in shear permits to predict the changes in the failure mechanism varying the initial
glued length. These changes are completely missed by the classic pure shear model;
- The variation of the fracture process near the free end from a mainly mode-II to a
mixed mode I+II deeply affects the physics of the problem.
For the cases studied here the stated effects occur in narrow zones and they result in a
detrimental and enhancing bond behavior respectively at the free- and at the loaded end,
which tend to balance each other. For these reasons the prediction of the maximum pulling
force is close to the one obtained with a classic pure-shear model. However, peculiarities
as the variation of the shear strength along the bonded length and, consequently, the
relation between failure mechanism and initial bonded length, are completely missed by
classic pure-shear model.
The present model can be thus regarded as an innovative tool to study the full range
behavior of FRPs glued joints on quasi-brittle materials.
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4.4 Introduction to cyclic models
The externally glued FRP strengthening technique is often adopted to increase the
lifespan of structures subject to cyclic loading (most notably bridges [96]). However, a
gradual deterioration of the bond between FRP and substrate may occur because of the
accumulation of fatigue micro-cracking, plastic deformations and damage [5, 95, 101].
Several studies pointed out that debonding failure mechanisms often control the fatigue
life of strengthened member subject to cyclic actions [4, 5, 95, 96, 98, 99]. Some of these
mechanisms are triggered by the bond shear stresses generated at the interface as a result of
the composite action [95]. In the case of concrete substrates, micro-cracks at the interface
level form and gradually coalesce, resulting in a macro-crack that usually propagates a
few millimeters inside the substrate until complete loss of bond of the composite system
[65, 100, 101].
To date, fatigue life assessment is largely based on the Wo¨hler curve or the Paris law [65,
96, 100]. Anyway, as also reported in par. 2.5.2, in these terms the fatigue life prediction
remains an empirical abstraction [101, 102], since the parameters of the evolution laws are
typically not defined through mechanically sound rules but rather calibrated following a
case-by-case approach [102]. Moreover, any deviation from the ideal condition underlying
each theory, can lead to a significant mismatch in the previsions, hence many laws have
been proposed for different specific situations [101, 102]. An alternative approach is the
employment of numerical models (as for example [4, 65, 100, 101, 106] among others).
Some of them (e.g. [4, 65, 132]) consider parameters needing a case-by-case experimental
calibration similarly to the aforementioned empirical laws. Thus, the accuracy of these
models outside the range of variables of the tests used to calibrate the parameters is open
to question. A few authors adopted fracture, damage or plasticity theories (either coupled
or not) to define the interface law (e.g. [101, 106]). Here, the local hysteretic response is
ruled by internal parameters that should be physically explained. However, some of these
models are not necessarily suitable for FRP reinforcements, having been proposed for very
different material systems (as [101]); moreover, they are only amenable to finite element
implementation [65, 100, 101]. On the other hand, the available simple models proposed
for FRP strengthening (e.g. [106]) are not formulated in a thermodynamical framework,
which opens the question of their energetic consistency.
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Here, the first attempts in the formulation of a new numerical model able to simulate
the interface behavior of a bonded joint between a FRP laminate and a quasi-brittle sub-
strate under cyclic loadings are presented, trying to overcome the drawbacks highlighted in
par. 2.5.2. Concerning equilibrium and kinematics the same assumption that holds for the
classic pure shear model are adopted. Differently from monotonic models, the hysteretic
interface law is defined by means of an admissible domain coupling linear softening and
damage. Under monotonic loading, the mode-II bilinear cohesive relationship presented
in par. 4.2 is reproduced and well-known results are recovered [48]. Post-failure friction
and interlocking are neglected. The capability of the model to correctly predict the local
and global behavior of an FRP bonded joint is demonstrated comparing the numerical
predictions with available experimental results.
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4.5 Coupled interface damage-elastoplasticity fatigue model
Except for the interface behavior, the considerations done for the solution of the dif-
ferential system governing the debonding process in the pure shear model presented in
par. 4.2 are here still valid, thus this section is only focused on the interface behavior
description.
4.5.1 Cyclic interface behavior
4.5.1.1 Basic assumptions
A cyclic interface law which couples damage and plasticity by means of a properly
defined yielding criterion is proposed [104, 133]. Under monotonic conditions, the bilinear
mode-II cohesive law described in par. 4.2 and widely used in literature ([8, 9, 53, 61, 83, 87]
among others) is reproduced (Fig. 4.24a).
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Figure 4.24: (a) Schematic representation of the interface law implemented with the evolu-
tion of the main variables and (b) example of a cyclic load history.
No sign inversion of the applied load is considered since this is the situation for which
test results are available [4, 5, 95, 96]. Moreover, friction and interlocking between the
faces of the debonding crack are neglected. The last two assumptions impose to restrict the
bonding stresses to non-negative values and to maintain the lower bound of the yielding
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criterion at τ = 0. On the contrary, the upper bound of the admissible states domain
should decrease according to the assumed linear softening (Fig. 4.24a).
In the present work the classic additive decomposition of the total slips s is assumed
[103, 133, 134]
s = sel + spl (4.38)
where sel and spl are respectively the elastic (or reversible) and the plastic (or irreversible)
parts of the total slip. The bond stresses τ are written as [103, 133, 134]
τ = (1−DK)Kel,0(sel) = (1−DK)Kel,0(s− spl) , (4.39)
where Kel,0 is the initial linear elastic stiffness of the interface and DK is a damage
parameter governing the interface linear elastic stiffness degradation during load cycles
(Fig. 4.24a). The rate of change of the tangential stress is
τ˙ = (1−DK)Kel,0 (s˙− s˙pl)− D˙KKel,0 (s− spl)
= (1−DK)Kel,0 (s˙− s˙pl) .
(4.40)
where the term D˙KKel,0 (s− spl) vanishes because D˙K 6= 0 if s˙pl < 0, which can happen
only when s˙el = s˙− s˙pl = 0 (Fig. 4.24 branch C-D).
The occurrence of a plastic flow is ruled by the following admissible states domain (i.e.
a yielding function) [133], whose frontier gives the yielding condition
F (τ,R |spl, α,DK , Dτ ) = |η| − (1−Dτ )
2
[τy,0 +R]h(s− spl) , (4.41)
where τy,0 is the initial yielding stress of the interface (namely, the monotonic bond
strength), Dτ is a damage parameter controlling the loss of bond strength due to the
cyclic actions, R is the thermodynamical force associated with the plastic behavior and
conjugated with the internal hardening variable α. Furthermore, the quantity η is ex-
pressed by the following relationship
η = τ − qh(s− spl) , (4.42)
where
q =
(1−Dτ )
2
[τy,0 +R] . (4.43)
Finally, the function h(•) is the Heaviside step function defined as
h(ξ) =
{
0 if ξ ≤ 0
1 if ξ > 0 .
(4.44)
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The conjugated softening variable R is assumed to follow the linear relationship
R = Kplα , (4.45)
where Kpl actually is a softening modulus (i.e. Kpl < 0) governing the contraction of the
elastic domain [133]. It is worth to note that the parameter q of Eq. 4.43 acts in Eq. 4.41
as a back stress in presence of kinematic hardening [133] (i.e. τ − q = η). Anyway, it is
not an independent state variable but is defined as a function of α to take into account the
evolution of the center of the elastic domain induced by the asymmetry of the interface
law.
It is now possible to write Eq. 4.41 as
F =
∣∣∣∣(1−DK)Kel,0(s− spl)− (1−Dτ )2 [τy,0 +Kplα]h(s− spl)
∣∣∣∣− · · ·
· · · − (1−Dτ )
2
[τy,0 +Kplα]h(s− spl) .
(4.46)
4.5.1.2 Thermodynamical formulation
The free energy of the system can be defined by the Helmholtz potential Θ as [104, 135]
Θ = Θ (sel, α,DK , Dτ ) = Θel (sel, DK , Dτ ) + Θpl (α,DK , Dτ ) , (4.47)
where the subscripts “el” and “pl” state respectively for the elastic and plastic processes.
Hence, the second law of thermodynamics can be expresses, for an isothermal process, by
the Clausius-Planck inequality [104, 135]
τ s˙− Θ˙ ≥ 0 , (4.48)
where ξ˙ points out the rate of variation of the quantity ξ. Substituting
Θ˙ =
∂Θel
∂sel
s˙el +
∂Θel
∂DK
D˙K +
∂Θel
∂Dτ
D˙τ +
∂Θpl
∂α
α˙+
∂Θpl
∂DK
D˙K +
∂Θpl
∂Dτ
D˙τ (4.49)
into Eq. 4.48 leads to(
τ − ∂Θel
∂sel
)
s˙+
∂Θel
∂sel
s˙pl − ∂Θel
∂DK
D˙K − ∂Θel
∂Dτ
D˙τ − ∂Θpl
∂α
α˙ · · ·
· · · − ∂Θpl
∂DK
D˙K − ∂Θpl
∂Dτ
D˙τ > 0 .
(4.50)
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Table 4.5: Main thermodynamical variables.
Name
Variable
Dual variable
Observed Internal
Total slip s τ
Elastic slip sel τ
Plastic slip spl −τ
Softening α R
Kinematic hardening q(α,R) X(α,R)
Stiffness degradation DK YK
Bond strength reduction Dτ Yτ
Since the previous Eq. 4.50 should encompass any thermodynamically consistent process
[135], the following equivalence holds
τ =
∂Θel
∂sel
, (4.51)
while the reduced Clausius-Planck equation becomes
τ s˙pl − ∂Θ
∂DK
D˙K − ∂Θ
∂Dτ
D˙τ − ∂Θpl
∂α
α˙ > 0 . (4.52)
Then, the following equivalences can be written [104]
R =
∂Θpl
∂α
, YK =
∂Θ
∂DK
, Yτ =
∂Θ
∂Dτ
, (4.53)
where YK and Yτ are the damage sources related to the degradation at the interface level of
the stiffness and of the bond strength respectively. Now it is possible to define τ s˙pl as the
power dissipated by the plastic process, while Rα˙, YKD˙K and Yτ D˙τ are the the energy
release rates respectively related to the interface softening, to the stiffness degradation
process and to the fatigue bond strength reduction [103, 134]. Thus, Eq. 4.52 assumes the
form
τ s˙pl −Rα˙− YKD˙K − Yτ D˙τ ≥ 0 . (4.54)
Eq. 4.54 governs the coupled damage-plasticity cyclic behavior of the interface. The main
variables that describe the model are summarized in Tab. 4.5.
To define the evolution laws of the various variables it is more convenient to use
a dissipation potential ψD assumed composed of a damage ψDMG(YK , Yτ |spl, α,DK , Dτ )
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and a plastic contribution ψpl(τ,R |spl, α,DK , Dτ ) [103, 134]. Making use of the associative
rule, i.e. ψpl = F (τ,R |spl, α,DK , Dτ ), it is possible to write
ψD = ψDMG(YK , Yτ |spl, α,DK , Dτ ) + F (τ,R |spl, α,DK , Dτ ) . (4.55)
Introducing the plastic multiplier γ and considering that plastic processes are ruled by the
Kuhn-Tucher conditions
F ≤ 0 , γ ≥ 0 and γF = 0 (4.56)
the assumption of generalized normality leads to the following evolution laws (Fig. 4.24a)
s˙pl = γ
∂ψD
∂τ
= γ
∂F
∂τ
= γsign(η) , (4.57)
α˙ = −γ ∂ψD
∂R
= −γ ∂F
∂R
= γ(1−Dτ )h(s− spl) , (4.58)
q˙ =
∂q
∂α
α˙+
∂q
∂Dτ
D˙τ = γ
(1−Dτ )2
2
Kplh(s− spl)− 1
2
[τy,0 +R] D˙τ , (4.59)
where the function sign(ξ) is defined as
sign(ξ) =
{
−1 if ξ ≤ 0−
+1 if ξ ≥ 0+ . (4.60)
It should be highlighted that in Eqs.4.57-4.59 the following property is used
F = 0⇒ h(s− spl)sign(η) = h(s− spl) . (4.61)
In fact, Eq. 4.46 results nil in two cases
1. if s − spl = sel = 0, which means that τ = 0 and the x-axis is reached. In such
situation h(s− spl) = 0, thus
sign(η)h(s− spl) = 0 ∀η ∈ R; (4.62)
2. if
τ = 2
(1−Dτ )
2
[τy,0 +Kplα]h(s− spl) , (4.63)
which means that the upper yielding limit is reached (i.e. τ > 0). Hence, without
loss of generality it is possible to write that the upper bound of the yielding function
is
τy = (1−Dτ ) [τy,0 +Kplα] . (4.64)
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Comparing Eqs. 4.63 and 4.64 and excluding the case stated at the former point 1,
it follows that s − spl ≥ 0 (where the equal sign stands for the complete failure of
the interface), then h(s− spl) = 1 and η can be written as follows
η = 2
(1−Dτ )
2
[τy,0 +Kplα]− (1−Dτ )
2
[τy,0 +Kplα]h(s− spl)
=
(1−Dτ )
2
[τy,0 +Kplα] =
1
2
τy ,
(4.65)
with sign(η) = +1 and then
sign(η)h(s− spl) = 1 . (4.66)
Finally, it is possible to state that, in those cases where the condition F = 0 is satisfied,
Eqs. 4.62 and 4.66 can be condensed into the property of Eq. 4.61.
Similarly to Eqs. 4.57-4.59, the evolution laws for the damage parameters are obtained
through the normality rule applied to the damage dissipative potential ψDMG, which
is defined so to allow the following relationship for the bond strength related damage
(Fig. 4.24a)
D˙τ = −∂ψD
∂Yτ
= −∂ψDMG
∂Yτ
= −〈s˙〉−h(τy,0 − τy)
sf,u
g(s)f(τ) ,
with Dτ < min
1, t∫
0
D˙τdt
 , (4.67)
where 〈·〉− are the Macaulay brackets selecting the negative part of a quantity and h(τ0−τy)
accounts for the absence of damage along the initial linear elastic branch of the interface
law. The two functions g(s) and f(τ) (here assumed constant and equal to 1) provide
respectively the displacement crack nucleation threshold and the fatigue limit stress. Fur-
ther, sf,u is a parameter called “fatigue endurance slip” that can be defined as the sum of
the unloading displacement allowed prior to fatigue failure. From a different but comple-
mentary standpoint, sf,u can be regarded as a scaling parameter that rules the effects of
fatigue on the actual bond strength (i.e. the yielding stress τy). Eq. 4.67 directly imply
that the bond strength related damage evolves only during the cyclic unloading branches.
The damage part of the dissipative potential should also satisfy, given an instant t = t˜,
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the following evolution law (Fig. 4.24a)
D˙K = −∂ψD
∂YK
= −∂ψDMG
∂YK
= − τ
rel
y 〈s˙pl〉−
Kel,0 (srel − s)2
,
with DK < min
1, t∫
0
D˙Kdt
 , (4.68)
with the further condition
if DK > D
lim
K , then DK = 1 , (4.69)
where s is the current slip and (τ rely (tˆ), s
rel = s(tˆ)) is the last softening point attained
(i.e. the last upper yielding limit reached) at the time tˆ ≤ t˜. In other words, τ rely (tˆ)
and srel = s(tˆ) are the yielding stress and the relative slip set at the time tˆ ≤ t˜ at the
end of the last softening process (i.e. at the end of the former loading/reloading phase
where a plastic flow occurs, thus when α˙ 6= 0 and the yielding stress changes because of
R, Fig. 4.24a). Further, the limit value DlimK for the stiffness related damage parameter
reads
DlimK = 1 + λ (1−Dτ )2 with λ =
Kpl
Kel,0
. (4.70)
From Eqs. 4.67, 4.68 it is trivial to determine that for both the damage parameters
the non-negativity of the increments is satisfied [104], i.e. Di ≥ 0 for i = τ,K.
The plastic multiplier can be defined considering the persistency condition [133]
if F = 0 then γF˙ = 0 . (4.71)
Recalling the chain rule of derivation (ξ˙(η) = (∂ξ/∂η)(∂η/∂t)) it is obtained
F˙ =
∂F
∂τ
τ˙ +
∂F
∂α
α˙+
∂F
∂Dτ
D˙τ +
∂F
∂DK
D˙K . (4.72)
Further, noting that ∂ |•| /∂t = sign(•) and h(ξ)2 = h(ξ) and using Eqs. 4.57, 4.58, 4.67
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and 4.68, the following relationship holds
F˙ = sign(η)(1−DK)Kel,0(s˙− s˙pl) + · · ·
· · · −
[
sign(η)
(1−Dτ )
2
Kplh(s− spl) + (1−Dτ )
2
Kplh(s− spl)
]
· · ·
· · ·γ(1−Dτ )h(s− spl)−
[
1
2
sign(η) [τy,0 +R]h(s− spl)+︸ ︷︷ ︸
A
· · ·
· · · +1
2
[τy,0 +R]h(s− spl)
] 〈s˙〉−h(τ0 − τy)
sf,u
g(s)f(τ)︸ ︷︷ ︸
A
+ · · ·
· · ·+ sign(η)Kel,0(s− spl)
τ rely (tˆ) 〈s˙pl〉−
Kel,0 (srel − s)2︸ ︷︷ ︸
B
.
(4.73)
Before reaching the analytical expression for γ it is necessary to consider the following
remarks. The persistency condition holds when F = 0, hence the property of Eq. 4.61
is still valid. Moreover, during an unloading phase s˙ < 0 (i.e. 〈s˙〉− 6= 0), the yielding
criterion can be reached only if (s− spl) = 0 and h(s− spl) = 0. Conversely, if (s− spl) >
0⇒ h(s−spl) 6= 0 (i.e. τ → τy) and the yielding condition can be reached only for loading
processes, namely 〈s˙〉− = 0. Thus, F = 0 means that either h(s − spl) or 〈s˙〉− should be
nil and the term pointed out with A in Eq. 4.73 is nil as well. Similarly, the term B is
zero because when F = 0, either (s− spl) or 〈s˙pl〉− (note that this is more restrictive than
〈s˙〉−) are nil. To sum up, the aforesaid property can be stated as follows
F = 0⇒ (s− spl)〈s˙〉− = 0 . (4.74)
Finally, Eq. 4.73 can be reduced to
F˙ = sign(η)(1−DK)Kel,0(s˙− s˙pl)− γ(1−Dτ )2Kplh(s− spl) (4.75)
Eq. 4.71 leads, when a plastic flow occurs (i.e. γ 6= 0), to the condition F˙ = 0, then from
Eq. 4.75 is obtained the following
γ =
(1−DK)Kel,0
Kel + (1−Dτ )2Kplh(s− spl)
s˙sign(η)
=
(1−DK)Kel,0
(1−DK)Kel,0 + (1−Dτ )2Kplh(s− spl)
|s˙| ≥ 0 .
(4.76)
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Note that the non-negativity of the plastic multiplier required by the Kuhn-Tucker con-
ditions (i.e. γ ≥ 0) is automatically guaranteed by the condition DK ≤ DlimK of Eq. 4.70,
which now finds its justification. Hence, keeping in mind that Kpl is a negative plastic
modulus, for DK ≥ DlimK the denominator of Eq. 4.76 becomes non positive.
In Fig. 4.24a the resulting interface law and the evolution of the main parameters
are represented for the load history of Fig. 4.24b. Note that for monotonic load condi-
tions the classical bilinear interface law and the corresponding results are recovered. The
proposed model requires calibration of the monotonic bilinear interface law, and of the
additional parameter sf,u that controls the fatigue endurance. The physical meaning of
this parameter enables its calibration with experimental observations.
4.5.2 Incremental solution via FDM approach
The proposed interface model can be implemented into a code similar to the one
described in detail for the pure shear model (see par. 4.2). The only formal difference
is that, instead of the absolute quantities y(xi) and α and Ksec, the time-incremental
quantities ∆y(xi) and ∆α and Ktg should be used. Indeed, since the actual response
of the interface does not depend only on tha actual stress state but also from the load
history [133], a time incremental approach is used here associated with the classical finite
difference method (FDM) for the space decomposition.
For the complete description of the FDM approach see par. 4.2 and App. A. For the
time decomposition, it is assumed that that the solution at the ith time step (i.e. at
the time t) is known. Once an increment of the driving variable is given, the solution
at the time step i + 1 (i.e. at the time t + ∆t where ∆t is a finite quantity) can be
obtained confusing the correct solution of a general quantity ξ(t+∆t) with its incremental
approximation ξi+1 = ξi + ∆tf(ξi) = ξi + ∆ξi+1. Nevertheless, in this case a so-called
return mapping algorithm is needed. This latter is necessary in models using plasticity to
determine at a given time step if a plastic flow occurs or not. Hence, in the numerical
procedure finite increments of the variables are used in place of time derivatives as in the
mathematical formulation (i.e. (∂ • /∂t) = •˙ → ∆• = •(t + ∆t) − •(t)), thus violations
of the Kuhn-Tucker condition F ≤ 0 are possible (i.e. F > 0). For this reason a routine
should be defined to compute the “finite” plastic multiplier ∆γ(i+1) at the (i+ 1)th time
step so to obtain again F = 0. On the contrary, if F < 0 the system is considered as
linear elastic and it is univocally determined. The complete description of the return
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mapping algorithm is reported in App. C, restricting the analysis to quasi-static processes
(i.e. when the inertial forces can be neglected). Moreover, in App. C it is also derived the
expression for the tangential modulus Ktg to be employed in the numerical procedure.
4.5.3 Comparison with experimental results
Experimental data from Ko and Sato [4] and Carloni et al. [5] are used to validate
the proposed model. In particular, the first tested variable amplitude cycles, while the
in the latter constant amplitude load cycles were studied. For each test performed, a
calibration procedure similar to what described in par. 4.3.6.1 was adopted. In particular,
both studies performed also monotonic tests that were used as paradigmatic tests to
highlight differences with the cyclic loading. Here, the maximum monotonic debonding
force Fmax is used to obtain the interface fracture energy Γf , while the monotonic bond
strength τy,0 and the slip at peak bond strength s1 (Fig. 4.24a) are estimated from the
published monotonic bond-slip curves. The ultimate slip s2 follows from Γf and τy,0,
whereas the initial elastic stiffness Kel,0 is computed from τy,0 and s1. In absence of direct
measurements, the parameter sf,u is calibrated from the cyclic experimental results.
4.5.3.1 Variable amplitude cycles - Ko & Sato [4]
Ko and Sato [4] investigated the bonding behavior of FRP strengthened concrete prisms
under variable amplitude cyclic loadings changing three different parameters: the kind
of fiber (aramid, carbon and polyacetal), the number of composite layers used (single
or double layer) and the cyclic loading history. In particular, the authors adopted two
different variable amplitude load history named Cyclic 1 and Cyclic 2, in both the cases
each cycle involved complete unloadings (i.e. until F = 0). In the following, are analyzed
the specimens subject to Cyclic 1 load history, where the first and second unloading
corresponded respectively to 1/3 and 2/3 of the maximum monotonic load Fmax. Then,
each subsequent unloading took place every tenths of the ultimate monotonic displacement
(i.e. every 1/10 of s2). The specimens were composed of two FRP sheets glued on two
opposite faces of a concrete block (double lap shear test), which was divided in two portions
by a crack in the middle as initial notch (Fig. 4.25). Then, a pulling force was applied to
both the concrete blocks by means of two embedded steel rebars (Fig. 4.25).
The bonded length for each specimen is lb=300 mm while the FRP has a width of
bf=50 mm a Young’s modulus Ef=261 GPa and an equivalent thickness tf=0.167 mm.
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Figure 4.25: Scheme of the specimens used by Ko and Sato [4].
Table 4.6: Parameters adopted for cyclic analyses.
Test
τy,0 Kel,0 Γf s1 s2 Kpl sf,u
[MPa] [MPa/mm] [N/mm] [mm] [mm] [MPa/mm] [mm]
C14(1) 3.50 364.5 0.50 9.6 · 10−3 2.9 · 10−1 -12.25 3.0
A25(1) 2.25 364.5 0.80 6.2 · 10−3 7.1 · 10−1 -3.16 7.0
A14(1) 2.25 364.5 0.96 6.2 · 10−3 8.5 · 10−1 -2.64 8.5
DS-F1(2) 6.50 162.5 1.20 4.0 · 10−2 3.7 · 10−1 -17.60 30.0
(1) from Ko & Sato [4]; (2) from Carloni et al. [5]
The parameter used for the simulation of the specimens label with C14, A25 and A14 are
summarized in Tab. 4.6.
In Fig. 4.26 are reported the comparisons between numerical and experimental results
for the analyzed tests from [4]. A satisfactory agreement is observable, although the slip
recovery at complete unloading is underestimated. This is because for a complete unload-
ing (i.e. F=0) a residual slip at the loaded end would imply a constant value of slip along
a portion of the plate (i.e. from the loaded end until the first undamaged section) because
no strain variation would be present (otherwise a stress transfer would occurs). Anyway,
this residual displacement applied to the undamaged part of the interface, in absence of
friction or interlocking phenomena, would imply, in contrast with the assumption of zero
force in the FRP, non-zero bond stresses in some portions of the glued length (because of
its linear elastic behavior). Moreover, from Fig. 4.26d it is possible to observe how the
global behavior changes with the model parameters (see Tab. 4.6).
In Fig. 4.27 the local numerical interface laws are reported for different points along
the bonded length. The degradation of the interface stiffness is observable as well as
a slight reduction of the ultimate slip attained in comparison with the monotonic law.
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Figure 4.26: Tests from Ko and Sato [4]: (a) numerical vs. experimental pull-out curve for
the test C14; (b) numerical vs. experimental pull-out curve for the test A25; (c) numerical vs.
experimental pull-out curve for the test A14; (d) comparison between the numerical curves.
Moreover, it is possible to notice that the shape of the interface law in different locations
is quite similar to the monotonic one. This fact is probably due by the high values of load
attained during the tests. Hence, in this case the softening-plastic behavior, governing
the monotonic response, prevail against the cyclic damage, i.e. the global behavior results
more similar to the one observed during monotonic tests.
141
4. MODELLING OF THE DEBONDING BEHAVIOR
A25
A14 A14
A25
0 0.2 0.4 0.6 0.8
s [mm]
0
1
2
3
t
[M
P
a
]
0 0.2 0.4 0.6 0.8
s [mm]
0
1
2
3
t
[M
P
a
]
0 0.2 0.4 0.6 0.8 1
s [mm]
0
1
2
3
t
[M
P
a
]
0 0.2 0.4 0.6 0.8 1
s [mm]
0
1
2
3
t
[M
P
a
]
C14 C14
Cyclic - x=lb
Cyclic - x=lb
Cyclic - x=lb
Cyclic - x=280mm
Cyclic - x=280mm
Cyclic - x=280mm
(b)
(d)
(f)
(a)
(c)
(e)
Monotonic
Monotonic
Monotonic
Monotonic
Monotonic
Monotonic
0 0.1 0.2 0.3
s [mm]
0
1
2
3
4
t
[M
P
a
]
0 0.1 0.2 0.3
s [mm]
0
1
2
3
4
t
[M
P
a
]
Figure 4.27: Numerical local interface laws for the specimens in Ko and Sato [4]: (a) loaded
end point for test C14; (b) point at x=280 mm for test C14; (c) loaded end point for test A25;
(d) point at x=280 mm for test A25; (e) loaded end point for test A14; (f) point at x=280
mm for test A14.
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4.5.3.2 Constant amplitude cycles - Carloni et al. [5]
Carloni et al. [5] deeply investigate the deterioration of the bonding effectiveness under
constant amplitude fatigue loadings using single lap shear test specimens, whose scheme is
sketched in Fig. 4.28. The authors mainly focused on the role of the load amplitude on the
fatigue life assessment, on the length of the stress transfer zone and on the post-fatigue
monotonic behavior. In this case the bonded length and the reinforcement width are
respectively lb=152 mm and bf=25 mm, while the composite Young’s modulus is Ef=230
GPa with an equivalent thickness tf=0.167 mm. The parameters use to simulate the
test labeled with DS-F1 are reported in Tab. 4.6. For this specimen, the load history is
characterized by a nominal amplitude of 4.75 kN with a mean load value of 3.63 kN (i.e.,
with a maximum and a minimum applied load respectively of 6.00 kN and 1.25 kN). The
number of cycles prior to failure is Nf=1290.
152mm
FABCD
o
x
Figure 4.28: Scheme of the specimens used by Carloni et al. [5].
Fig. 4.29 shows the comparison between theoretical and numerical results for the test
label with DS-F1 by Carloni et al. [5]. A very good agreement is observable for both the
global equilibrium curve (Fig. 4.29a) and the trend of the loaded and free end displacements
with the number of cycles (Fig. 4.29b). Moreover, the number of cycle to failure is well
reproduced considering the high scattering of the results usually highlighted for the FRP
tests [4, 5, 95]. Indeed, the numerically predicted value is Nf,num=1149 (Fig. 4.29b), which
means a tolerance of the 10% with respect to the experimental evidence. Finally, a slight
underestimation of the free end displacement is still visible (Fig. 4.29), but is less relevant
than the one observed for the Ko and Sato [4] specimens in Fig. 4.26a-c.
In Fig. 4.30 the numerical local interface laws are depicted at different locations along
the bonded length (indicated with A-B-C-D in Fig. 4.28). An embrittlement of the local
cyclic behavior with respect of the monotonic behavior is observed (Fig. 4.30), however
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Figure 4.29: Numerical vs. experimental results for the specimen DS-F1 in Carloni et al.
[5]: (a) global pull-out curve (1 cycle every 20 is plotted for clarity) and (b) loaded and free
end displacement vs. number of cycles.
this does not affect significantly the maximum attained displacement which is close to
the monotonic one (Fig. 4.29a). Moreover, comparing the four curves for the points A-
D is it interesting to note that the local interface law has a significantly different shape
from the (triangular) monotonic curve near the loaded end, whereas this difference is less
pronounced in the central part of the glued length (Figs. 4.29b,c). Further, in the central
part of the plate (i.e. Figs. 4.29b,c are very similar) the behavior is significantly different
from the loaded (Fig. 4.29a) and free end (Figs. 4.29d). In particular, at the loaded end
a large softening phase is noticeable during the first cycle (Fig. 4.29a) while at the free
end the interface remains in the linear elastic regime until the complete failure of the joint
(Fig. 4.29d), namely until the maximum force in a cycle cannot be sustained any more by
the remaining glued length.
4.5.4 Conclusive comments
The performed tests proved that the proposed model is able to reproduce the cyclic
behavior of FRP reinforcements externally bonded on quasi-brittle materials. In particu-
lar, the capability to correctly reproduce the fatigue behavior in case of variable as well as
constant amplitude load cycles has been demonstrated. However, a slight underestimation
of the slip recovery is noticed, especially in case of complete unloading as a result of the
assumed absence of friction and interlocking effects. The number of cycles prior to failure
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Figure 4.30: Numerical local interface laws for the points A-D highlighted in Fig. 4.28 for
the specimen DS-F1 in Carloni et al. [5] (1 cycle every 10 is plotted for clarity): (a) point A
- x=152 mm (loaded end); (b) point B - x=125 mm; (c) point C - x=75 mm; (d) point D -
x=0 mm (free end).
is well predicted, and so is the global behavior observable from the global pull-out curves.
The maximum and minimum displacements attained during the cycles are satisfactorily
reproduced and the number of cycles prior to failure are in good agreement with the ex-
perimental results. An effect of embrittlement of the local interface laws with respect
to the monotonic law is observed. This, however, seems to exert a limited influence on
the maximum displacement attained, which is similar to the one reached under monotonic
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conditions. Finally, comparing the numerical interface laws at different locations along the
bonded length, it is possible to observe a change in the local behavior near the loaded-end
with respect to the points along the central part of the glued length as well as in compari-
son with the monotonic law. Differently, at the free-end, the numerical curves reveal that
no softening takes place before the complete failure of the glued joint.
The proposed thermodynamically consistent model requires the calibration of only one
parameter sf,u (namely, the fatigue endurance parameter), in addition to the monotonic
mode-II interface law (here Γf , τy,0 and s1). The physical meaning of sf,u as the sum of
the unloading displacements allowed prior to complete dobonding, enables its calibration
with experimental observations.
While more analyses are needed to confirm the obtained results, the approach pre-
sented appears to be a very promising tool to study the fatigue life of bonded joints. A
simple calibration of the fatigue endurance parameter using a relative small number of
experimental tests would allow the extension of the prediction of the fatigue behavior of
a bonded joint to conditions different from the tested ones.
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reinforcement
Abstract
In the present section a statistical assessment of a new design procedure to estimate
the resistance against debonding of composite fabrics externally glued on masonry
substrates is presented. Based on recent experimental campaigns, a database on bond
test results between fiber reinforced polymer and masonry is collected and, after an
overview of the design rules at disposal, an alternative formula is proposed starting from
theoretical and experimental evidence. The main parameters influencing the ultimate
load are defined through a correlation analysis and different assessment approaches
are accounted for. Finally, the capabilities of the proposed approach are evaluated and
the advantages with respect to existing formulas are discussed.
5.1 Introduction
In common practice, the employment of fiber reinforced polymers (FRP) as external
reinforcement is based on several empirical and semi-empirical design formulas. Installa-
tion rules, design principles and loads, safety requirements and acceptable properties for
the employed materials are coded in different guidelines (e.g. [8–11]).
Numerical and analytical investigations (such as [24, 40, 41, 53, 54, 66, 83, 86, 116,
127, 136–140] among others) provided parametric relationships able to define the resistance
against debonding as a function of the main parameters involved. Most of the practical
design rules available to date (e.g. [8, 9]) were based on such studies where empirical
coefficients calibrated on experimental results (such as [1, 3, 33, 38, 58, 59, 62, 94, 141]
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among others) are introduced [142–144].
Differently than concrete substrates, whose design rules were calibrated on a wide
number of tests, for masonry only a limited number of studies are available in the literature.
The lack of knowledge is even worsened by the intrinsic high heterogeneity of the material
and by the possible variety of “masonry”. Indeed, the term “masonry” can represent the
brick units, the units joined with different kinds of mortar (namely masonry blocks) and
a wide variety of units (i.e., artificial clay bricks or natural stone such as tuff, limestone
and calcareous stone). Only the Italian guideline CNR-DT 200 [8] provides a section
specifically devoted to the design of composite reinforcements applied to masonry including
relationships calibrated on a database of FRP-masonry bond tests. Nevertheless, the
adopted database was not as large as the one available for concrete and in the last period
a number of new results on the subject have appeared in the literature.
Furthermore, as debated in par. 2.4, the test setup adopted to characterize the bond
behavior may have a great influence on the final results (see par. 2.4 for a review of
the setup-related problems). Stating the wide variety of setups proposed in literature
[3, 30, 58], calibration of design rules has not to be independent from the test setup used
to obtain experimental data. This limit once more the number of results available to
calibrate design rules, which thus can lead to incorrect or anti-economical predictions of
the strength of the reinforcements. In par. 3.3.3.5 it has been demonstrated the lack of
accuracy of the guideline [7], highlighting the need of new design rules.
Taking advantage of new experimental studies (in particular the evidence illustrated in
par. 3.3) and starting from theoretical considerations, in the present section the practical
design of FRP reinforcements applied on masonry substrates is improved by means of
statistical methods.
To the purpose, a database of bond tests is collected and, after an overview of the
design formulas at disposal, a correlation analysis is performed in order to define the ma-
jor parameters influencing the debonding phenomenon. Then, alternative design formula
for the prediction of the mean value of the maximum debonding force Fmax is statisti-
cally assessed and its characteristic value (i.e. within a confidence interval of the 95%) is
derived by the “design assisted by testing” approach suggested in [20]. Finally, the pro-
posed approach is statistically compared with other design formulas nowadays available
(in particular [8] and those illustrated in the following par. 5.2) and its advantages are
debated.
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Figure 5.1: (a) Geometry of a generic test specimen. (b) Equilibrium of a portion of FRP
reinforcement.
5.2 Overview of some existing capacity models
An overview of the existing design formulas at disposal, which will be used for compar-
ison with experimental results, is presented. The adopted notation is given in Fig. 5.1. As-
suming as rough approximation and for comparisons matters only that the main processes
related to the debonding failure are common in concrete and in masonry substrates, in the
present overview have been included also rules originally proposed for FRP-concrete glued
joints, i.e. [9–13]. This choice is mandatory since the lack of relationships in the common
design practice specifically proposed for masonry (the only exception is [8]). Moreover, as
a matter of fact, in the past, some guidelines (e.g. the 2004 version of the CNR-DT200
guideline [7]) adjusted to masonry the design principles developed for concrete substrates
[141].
CNR-DT 200/2012 In the Italian guideline [8], two distinct rules for masonry and
concrete are proposed which differ only for the empirical coefficients statistically assessed.
The maximum debonding force is calculated using the same formula deduced in par. 2.1.1,
as
Fmax,CNR = bf
√
2Ef tfΓf,CNR , (5.1)
where Γf,CNR is the mode-II interface fracture energy given by the semi-empirical formula
Γf,CNR = kGkb,CNR
√
fcmfct , (5.2)
where kG is an experimentally calibrated coefficient, whose main value in absence of specific
tests can be assumed equal to 0.093 for the clay bricks, 0.157 for the tuff stone elements and
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0.022 for the calcareous (or calcarenite) stone and limestone units. The term
√
fcmfct,th is
defined as twice the cohesion calculated adopting a Mohr-Coulomb criterion [143] to take
into account the longitudinal confinement stresses arising from the bond stress diffusion
into the substrate [79, 143]. The width coefficient kb,CNR takes into account the transversal
diffusion effect related to the width ratio λw = bf/bm [25, 94]
kb,CNR =
√
3− λw
1 + λw
. (5.3)
For lower values of λw the bond stress can propagate in a larger width than that of the
plate, involving a certain volume aside of the glued area and resulting thus in an higher
fracture energy [79, 141] and in a three dimensional failure mechanism as stated in par. 3.3.
Approaching λw = 1 this effect vanishes. The tensile strength of the substrate fct, if not
directly estimated, can be assumed equal to
fct = fct,th = 0.1fcm . (5.4)
JSCE 2001 The Japanese Society of Civil Engineers (JSCE) guideline for FRP-concrete
bonded joints [11] defines the maximum allowed tensile stress in the reinforcement prior
to debonding as
σf,max,JSCE =
√
2Γf,JSCEEf
ntf
, (5.5)
where n is the number of applied FRP layers. Eq. 5.5 leads straightforward to Eq. 5.1
for n = 1, since the theoretical basis for the two codes is the same. However, in the
JSCE approach the fracture energy can be kept constant and equal to Γf,JSCE = 0.5
N/mm as suggested by [11] or can be deduced using the Wu and Niu equation [145]
Γf,JSCE = 0.644f
0.19
cm . Differently from [8], the two formulas are completely empirical and
calibrated on a FRP-concrete test database.
ACI 440.2R-08 (2008) Based on a FRP-concrete database, the ACI guideline for the
reinforcement of concrete members with externally glued FRPs [10], empirically defines
the resistance against debonding as
Fmax,ACI = Ef tfbfεf,max,ACI = 0.41bf
√
Ef tffcm
n
≤ 0.9εf,ultEf tfbf . (5.6)
where εf,ult and εf,max,ACI are respectively the maximum tensile and the debonding-limit
strains in the reinforcement and n is the number of applied layers.
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fib bulletin 14 (2001) The fib code [9] modified a model originally proposed by
Neubauer and Rostasy [146], which, in turn, is based on the studies of Holzenka¨mpfer
[147]. In [9] two coefficients were added: αfib encompassing the detrimental effects of
shear cracks (αfib = 0.9 in members liable to wide shear cracks, 1 otherwise) and kc, equal
to 0.67 or 1 respectively for low or normal compacted gluing surfaces. The FRP-concrete
maximum debonding force is computed as
Fmax,fib = αfibc1kckb,Nied.bf
√
Ef tffctm , (5.7)
where c1 = 0.64 is an empirical coefficient estimated using a database of CFRP-concrete
tests by Neubauer and Rostasy [146]. The width coefficient kb,Nied., originally defined by
Niedermeier [13], is
kb,Nied. = 1.06
√
2− λw
1 +
bf
400
≥ 1 , (5.8)
which holds for λw ≥ 0.33. In the following analysis it is assumed that αfib = kc = 1 and,
since in the fib code [9] no theoretical relation for the tensile strength is provided, Eq. 5.4
is applied.
Chen & Teng model (2001) Chen and Teng [12] estimate the maximum force attain-
able in a FRP-concrete glued joint as
Fmax,C−T = αC−Tkb,C−T bf
√
tfEf
√
fcm with kb,C−T =
√
2− λw
1 + λw
. (5.9)
The coefficient αC−T was calibrated on a database of FRP-concrete bonded joint leading
to a mean value of 0.427.
Niedermeier model (1996) Niedermeier [13] introduced a modified version of the
Holzenka¨mpfer model [147], which predicts the maximum force transmissible by a glued
FRP joint as
Fmax,Nied. = 0.78bf
√
2Ef tfΓf,Nied with Γf,Nied. = cf,N−Rk2b,Nied.fct , (5.10)
in which the width coefficient is reported in Eq. 5.8. The coefficient cf,N−R = 0.204 was
proposed by Neubauer and Rostasy [146] using a series of 51 CFRP-concrete double lap
shear tests. Since the value of the experimental strength of the substrate is not usually
available in the design practice, here Eq. 5.4 was applied.
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5.3 Database of FRP-masonry pull-out tests results and
comparison with design formulas
In order to propose reliable rules for the design of the externally glued FRP reinforce-
ments on masonry substrate, a database of pull-out test results from different experimental
campaigns was collected and used to assess the design formulas at disposal as well as the
new ones proposed here. Statistical comparisons between the maximum debonding force
calculated with the design rules (Fmax,th) and obtained in experimental tests (Fmax,exp)
were performed (see par. 5.3.2 for a description of the database). A total of 399 tests from
literature have been collected and analyzed [32, 33, 38, 58, 68, 89, 92, 141, 148–156]. The
database is reported in App. D, whilst selection criteria are stated in par. 5.3.1 and the
classification rules are reported in par. 5.3.2.
5.3.1 Selection criteria of the experimental results
The first aspect taken into account in collecting the data was the type of masonry
substrate: only the tests on clay brick units, tuff blocks and limestones or calcareous stones
as supports were investigated, and the statistical analysis was performed separately for
each type. Moreover, given the existing wide variety of masonry bond patterns only tests
on units were considered. In fact, the bond between units can differ by many features:
the composition of the mortar (e.g. lime or concrete based mortar), the dimension of the
joints and units (in particular, the development of Leff can be allowed or not within two
subsequent mortar joints), the texture of the surface (e.g. in relation to the longitudinal
or extrusion direction for clay bricks and to the stratification plane for natural stones),
the angle in the bonding plane between the longitudinal axes of the reinforcement and
the joints. Unfortunately, the number of experimental tests available is not sufficient to
encompass all these variables. Some recent studies [37, 141] highlighted that the presence
of mortar joints along the bonding plane seems to do not deeply affect the ultimate pulling
force. Nevertheless, mortar joints seem to trigger a peculiar local behavior because of the
heterogeneities they introduce along the bonding plane [32, 37] (see also par. 3.3.3.3).
Indeed, oscillations in the strain profiles were observed similarly to what happens in FRP
reinforced concrete in correspondence of big aggregates [36]. To date it is not clear if such
localized effects can involve also changes in the global behavior (i.e. in the maximum
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pulling force) under different circumstances than those accounted in the aforementioned
studies, thus this issue needs further and deeper investigations.
In the database, only results coming from SLS and DLS tests were collected (see
par. 2.4 for an overview of the test setups), since they are less influenced by the problems
highlighted in par. 2.4 respect to beam setups. Furthermore, to limit the presence of
tests where the maximum debonding force attainable is not reached (i.e. for lb < Leff )
data from specimens with bonded length shorter than 100mm were discarded. Were
excluded from the database also those tests where auxiliary anchorages of the FRP were
employed (i.e., enclosures, bolts or steel and composite plates) or more than one layer of
composite was applied. Finally, only results of tests where the joint interface was mainly
subject to shear stresses and that displayed debonding failure with removal of a layer of
substrate material were used, i.e. no mixed mode tests or specimens showing failure due
to delamination or fiber tensile rupture were accounted.
5.3.2 The bond tests database
Width bf , bonded length lb, thickness tf and Young’s modulus Ef of the composite
declared by the authors were taken into account. In the calculations the FRP nominal
thicknesses provided by the producers and reported in the published papers tf = tf,eq were
adopted (i.e., the thickness of solely fibers providing mechanical properties equal to the
matrix-fibers laminate), since the effective thickness is usually unknown during the design
phase. Results obtained with different types of fibers were examined: carbon (C), glass
(G), basalt (B) and steel (S).
Concerning the support prisms, the cross-section dimensions (width bm and height
hm) were exploited for the analysis together with the mechanical parameters such as the
Young’s modulus Em, the compressive strength fcm and, if estimated, the experimental
tensile strength fct,exp. The latter was employed only for comparison purposes since in
the common practice the tensile strength is not usually tested directly but it is computed
starting from the compressive strength using theoretical or empirical relationships. The
frequency distributions f of the various parameters related to the FRP and to the masonry
support are reported in Fig. 5.2 for the clay brick specimens. It is possible to observe that
the bonded length lb of the 92.8% of the tests falls between 150 and 170 mm (Fig. 5.2b),
which is a quite well accepted upper limit for the effective bonded length on masonry
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[8, 141]. The values of Ef tf of the majority of the results is between 10 and 100 kN/mm
(Fig. 5.2c), which are common values for FRP fabrics applied with the wet lay-up method.
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Figure 5.2: Distributions of the frequency f of the main parameters of the collected database
for the clay brick specimens: (a) plate width; (b) bonded length; (c) reinforcement stiffness
per unit width; (d) compressive strength of the substrate; (e) width ratio; (f) different kinds
of substrate and reinforcements (C - Carbon FRP; G - Glass FRP; B - Basalt FRP; S - Steel
RP; old - ancient bricks; new - recent bricks).
In Tab. 5.1 the number N of collected tests and the range of variation of the analyzed
parameters are reported each type of substrate. These values have to be intended as
limits for the application of the proposed formulas. The compressive strength of the
bricks varies in a large range (from 7.3 to 50.9 MPa) due to the different varieties of
clay masonry substrates. Ancient and industrial bricks were grouped into a single class,
although recent studies [38, 141, 148] pointed out differences in behavior between them
related to capability of the glue to penetrate into the substrate. This aspect needs some
further investigations to be quantitatively taken into account and is out of the scopes of
the present study.
Natural stones were subdivided in two main groups as also suggested in [8]: tuff and
calcareous stone or limestone (e.g. leccese stone). In fact, some studies [68, 89, 140, 143,
154] revealed that these two kinds of stones are definitely not comparable from the bond
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Table 5.1: Range of variation of the main parameters of the tests taken into account for the
database.
Support N lb bf tf Eftf λw fcm
material [-] [mm] [mm] [mm] [kN/mm] [-] [MPa]
Clay brick 332 100-250 12-117 0.097-1.200 8.8-192.0 0.12-0.98 7.3-50.9
Tuff 27 150-245 80-123 0.164-0.480 27.6-45.5 0.40-1.00 4.41-5
Limestone 40 150-246 80-129 0.130-0.370 27.6-45.5 0.40-1.00 2.3-70.0
Table 5.2: Range of variation of the reinforcement stiffness per unit width of the various
kinds of fibers considered.
Fiber type Carbon - C Glass - G Basalt - B Steel - S
kf range
37.7-192.0 8.8-27.6 12.4 11.4-45.0
[kN/mm]
capacity standpoint since their very different mechanical and physical properties. Indeed,
Tab. 5.1 highlights that tuff, being a very porous material developed by consolidation of
volcanic eruption ashes, is usually weaker than calcareous stone and limestone that, on the
contrary, are very compact materials composed of a calcium-carbonate matrix precipitated
from leaking water and solidifying an initially incoherent mass composed by calcareous
and quartz particles.
The reinforcement stiffness per unit width kf = Ef tf (Tab. 5.1) spans a range of values
of more than one order of magnitude, Tab. 5.2 reports the ranges of variation of kf for
each fiber type analyzed, while Fig. 5.2c reports its frequency distribution for clay bricks.
5.3.3 Comparison between experimental and theoretical results
The comparisons between theoretical and experimental results are reported in Figs. 5.3-
5.5 for the various substrates analyzed. For each approach are reported the maximum
debonding force (Fmax,th − Fmax,exp graphs in Figs. 5.3-5.5) and the computed lognormal
cumulative probability distributions (CPD) of the safety factor δ = Fmax,exp/Fmax,th.
The former permits to estimate if a theoretical relationship follows the global trend of the
experimental results, whilst the CPD curves are useful to represent the dispersion of the
data allowing to determine if a design formula is too conservative or it overestimates the
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Figure 5.3: Overview of the design rules in literature: Fmax,th−Fmax,exp plots and lognormal
cumulative probability distributions (CPD) of the safety factor δ = Fmax,th/Fmax,exp for the
clay brick results. (a) CNR [8]. (b) fib [9]. (c) ACI [10]. (d) JSCE [11]. (e) Chen and Teng
model [12]. (f) Niedermeier model [13].
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Figure 5.4: Overview of the design rules in literature: Fmax,th−Fmax,exp plots and lognormal
cumulative probability distributions (CPD) of the safety factor δ = Fmax,th/Fmax,exp for the
limestone and calcareous stone results. (a) CNR [8]. (b) fib [9]. (c) ACI [10]. (d) JSCE [11].
(e) Chen and Teng model [12]. (f) Niedermeier model [13].
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Figure 5.5: Overview of the design rules in literature: Fmax,th−Fmax,exp plots and lognormal
cumulative probability distributions (CPD) of the safety factor δ = Fmax,th/Fmax,exp for the
tuff stone results. (a) CNR [8]. (b) fib [9]. (c) ACI [10]. (d) JSCE [11]. (e) Chen and Teng
model [12]. (f) Niedermeier model [13].
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ultimate resistance.
From Fig. 5.3 it is observable how the design rules examined often overestimate the
maximum debonding force prior to failure of the clay bricks (i.e. δ = Fmax,exp/Fmax,th ≤
1). Moreover, even if the substrate compressive strength fcm spans, in the 87.1% of the
data, between 25 and 35 MPa (Fig. 5.2d), that are usual values also for concrete, the
formulas suitable for concrete do not fit for masonry (Fig. 5.3). Among the analyzed
approaches, only the CNR code [8] provides a section specifically devoted to the design of
FRP-masonry strengthening systems, which anyway frequently leads to unsafe predictions
of the debonding load (Fig. 5.3a). Concerning the natural stone substrates, it is interesting
to observe how a general inaccuracy is present (Figs. 5.4-5.5). For the limestones and
calcareous stones, the maximum dobonding force is, except for the CNR approach [8]
(Fig. 5.4a), overestimated, while for tuff stones ambiguous results are obtained (Fig. 5.5).
In particular, the values of Fmax are overestimated in the ACI 440, JSCE 2001, Chen &
Teng and Niedermeier models [10–13] (Figs 5.5c-f) and they are underestimated in the
CNR-DT200 and in the fib [8, 9] approaches (Figs. 5.5a,b). Moreover, the CNR model [8]
(Fig. 5.5a) presents a large margin of error (i.e. the standard deviation is quite high, for
more details see par. 5.6.2). As a matter of fact, for tuff stone this mismatch can be also
due to different debonding mechanisms, as will be debated in detail in par. 5.6.2.
An overestimation of the debonding force attainable leads to a premature failure of
the reinforcement, conversely its underestimation imply the use of more material than
the minimum needed to reach the required safety factors. While the first condition must
be avoided in order to preserve the life of the structure users, the latter leads to very
expensive interventions, that can subtract resources useful to fix other vulnerabilities.
In general, Fig. 5.3-5.5 highlights that, often, the resistance for high strength reinforce-
ments is the most overestimated. Thus, the obtained results point out the need of design
formulas specifically calibrated for masonry. Moreover, Figs. 5.3d, 5.4d, 5.5d show the key
role assumed by the fracture energy at disposal Γf , defined as the area encompassed by
the interface constitutive law (Fig. 5.1b).
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5.4 Capacity model for the design of FRP-masonry rein-
forcements: proposed strategy
In the following sections a statistical evaluation of the main parameters involved in
the debonding mechanism is performed. Then, three semi-empirical approaches will be
illustrated, firstly assessed for the clay brick substrate and then extended to natural stones.
In particular, the three approaches presented are a mono- and a two- parameters rule
calibrated under the hypothesis of homoskedasticity of the data and a two-parameter rule
fitted accounting for the heteroskedasticity of the experimental results.
5.4.1 Main parameters involved
The statistical choice of the parameters directly related to the maximum debonding
force Fmax has been performed via Pearson’s correlation analysis. Pearson’s coefficients
ρi,j = ρj,i express the tendency of two aleatory variables Xi and Xj to be reciprocally
related and read
ρi,j =
σi,j
σiσj
, (5.11)
where σi,j , σi and σj are respectively the covariance and the standard deviation of the
variables Xi and Xj . The coefficient ρ varies between -1 and +1, where the negative
and positive sign indicates respectively an inverse or a direct correlation while the value 0
states no correlation. Since the direct dependence between Fmax and bf is well established,
the analysis is performed using the normalized force F/bf to minimize the possibility of
spurious correlations. In Tab. 5.3 the results of the correlation analysis are reported.
The positive correlation between the geometry parameters of the support and of the
FRP is due to the tendency of gluing bigger areas of reinforcements on bigger specimens.
The limited correlation between the normalized force F/bf and the bonded length points
out that the maximum debonding force was reached (i.e. lb ≥ Leff ). Moreover, very
low values of ρ are present also among the normalized force and the dimensions of the
support cross-section bm × hm, indicating that the “compliance volume” [83] was able
to develop completely during the tests. Finally, the analysis highlights, as expected, the
high influence of parameters such as the width ratio λw, the reinforcement stiffness per
unit width Ef tf (with no predominant influence of Ef or tf separately) and an important
influence of the substrate compressive strength fcm.
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Table 5.3: Pearson’s coefficients of the main parameters involved in the debonding phe-
nomenon.
bf lb tf Ef Ef tf bm hm λw fcm F/bf
1.00 0.42 -0.22 -0.16 -0.30 0.06 0.53 0.99 -0.17 -0.36 bf
1.00 -0.11 -0.08 -0.16 0.40 0.39 0.36 0.06 0.07 lb
1.00 0.17 0.85 -0.02 0.09 -0.22 0.30 0.43 tf
1.00 0.66 0.24 -0.01 -0.19 0.02 0.37 Ef
1.00 0.15 0.02 -0.31 0.20 0.50 Ef tf
1.00 -0.08 -0.09 -0.33 -0.06 bm
Sym. 1.00 0.54 0.06 0.24 hm
1.00 -0.12 -0.36 λw
1.00 0.59 fcm
1.00 F/bf
Even if a higher number of results probably would provide a more reliable correlation
study, the present investigation can be considered plausible because it does not contradict
the major assumptions or outcomes of the principal theories on the subject (as the ones
presented in par. 5.2). Moreover, also other studies in the literature performed Pearson’s
analyses even with less data available (as for example in [142]).
5.4.2 Theoretical strength model
In the present work, the approach of the standard-code [8], briefly explained in par. 5.2,
was adopted. This strategy was chosen since is the only one specifically proposed for the
masonry substrates and because it matches with the results of the correlation analysis of
par. 5.4.1.
In the CNR guidelines [8], the behavior of the interface is described by means of a
bilinear curve relating the displacement discontinuity in tangential direction, namely slip
or s, with the transferred bond stress τ . In [8], Eq. 5.1 is the closed form solution of the
differential system of equations governing the debonding behavior [48, 50] and arising from
the equilibrium of an infinitesimal portion of the strengthened system (Fig. 5.1b). The
same formula arises also from the energetic balance of the LEFM approach illustrated
in par. 2.1.1. Differently, the formula to calculate the fracture energy Γf (Eq. 5.2) is
semi-empirical and related only to the mechanical parameters of the substrate because
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the debonding crack develops inside the substrate only and the composite reinforcement
behaves as linear-elastic.
The diffusion effects due to the width ratio λw are accounted in [8] by means of Eq. 5.3.
Indeed, for decreasing values of λw the bond stresses can propagate in a larger width than
that of the plate, thus a larger volume of substrate is involved and the fracture energy
increase [79, 141]. Differently, approaching λw = 1 this effect vanishes.
In the present approach, it is assumed that Eq. 5.3 still holds, since the aim of the
present work is not to investigate the width effect. Furthermore, it was supposed that a
change in the reinforcement material (i.e., fiber, matrix or thickness) is related only to a
modification of the value of Ef tf .
5.4.3 First approach: two-parameter formula
Since the use of Eq. 5.4 does not lead to a high gain in term of safety (Fig. 5.6) as one
could expect adopting an empirical approximated relationship instead of measured values,
here the tensile strength of the substrate fct,th was related to the compressive strength by
the following relation
fct,th = c0f
α
cm , (5.12)
where c0 and α are two parameters calibrated on the basis of experimental tests using
the statistical approaches presented in the following sections. The adoption of a non-
linear relationship between compressive and tensile strength is justified considering the
quasi-brittle nature of the masonry material. Indeed, the formation of a crack is more
related to the tensile strength of the material rather than to the compressive one and a
linear trend would imply, for high values of the fcm, a tensile strength in contrast with
the experimental and theoretical evidence. The expression of Eq. 5.12 can thus be seen as
the simplest non-linear relationship available.
Adopting Eq. 5.12 in Eqs. 5.1 and 5.2 and neglecting kG, the following expression for
the maximum force is obtained
Fmax,th = bf
√
2Ef tfΓf = c1f
β1
cmbf
√
Ef tfkb , (5.13)
where c1 =
√
2c0.50 and β1 = 0.25 (1 + α) are two parameters to be estimated on the basis
of experimental tests.
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Figure 5.6: Comparison between the lognormal cumulative probability functions of the safety
factors computed using the theoretical and the experimental tensile strengths of the specimens.
Eq. 5.13 is calibrated by an ordinary least square (OLS) linear regression starting from
the experimental collected data. Eq. 5.13 can be linearized as follows
log (Fmax,th) = log
(
c1bf
√
Ef tfkb
)
+ β1 log(fcm) . (5.14)
An OLS estimation of the two free parameters is possible by imposing {c1, β1} =
argmin εˆ(c1, β1) with
εˆ(c1, β1) =
N∑
i=1
[εi(c1, β1)]
2 =
N∑
i=1
[log (Fmax,th,i)− log (Fmax,exp,i)]2 , (5.15)
where the theoretical values come from Eq. 5.14 applied to the N tests.
Once calibrated, the resulting formula is tested for outlilers with a significance level
αoutl=5% (namely a confidence interval βoutl=95%) by means of the generalized extreme
studentized deviate test (G-ESD test) proposed by Rosner in [157] applied to the safety
factor δ = Fmax,exp/Fmax,th. For a sample of data ξ composed by n values, this procedure
is able to detect until r outliers by comparing the extreme studentized deviations
Ri =
max
∣∣ξi − ξ¯∣∣
sξi
for i = 1, . . . , r , (5.16)
for r successive reduced samples ξi (each with mean value and the standard deviation ξ¯
and sξi) with size spanning form n to (n − r + 1). In particular, each step i considers a
sample where the data labeled as outliers are removed. The ratios Ri are compared with
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Figure 5.7: Comparison between the CNR approach [8] and the two-parameters formula pro-
posed: (a) experimental vs. theoretical maximum debonding force; (b) lognormal cumulative
probability functions of the safety factors; (c) residuals.
the threshold values
λi =
(n− i)tp,n−i−1√(
(n− i− 1) + t2p,n−i−1
)
(n− i+ 1)
with p = 1− αoutl
2 (n− i+ 1) , (5.17)
where tp,n−i−1 represents the pth percentile of a t distribution with (n − i + 1) degrees
of freedom. All the data for which Ri ≥ λi are labeled as outliers and removed from
the fitting procedure. Then, the calibration and the G-ESD test are repeated until no
outliers are found. For each testing phase the value of r was assumed large enough to
obtain at least one value with Ri < λi. In [157] the author reported that this method is
very effective for samples with n ≥ 25, and reasonably accurate for n ≥ 15. In this first
approach three outliers have been detected and removed.
In Fig. 5.7 the results obtained with the present two-parameters formula are compared
with the values from [8], whilst in Tab. 5.4 the numerical results of the fitting procedure are
reported. Figs. 5.7b,c also show the relative cumulative probability functions of the safety
factor δ = Fmax,exp/Fmax,th and the residuals (i.e., the difference between the theoretical
and the experimental values of the maximum debonding force), that clearly evidence a gain
in term of safety and accuracy. The same is observable in Fig. 5.8a where the probability
density functions are reported. Moreover, the debonding strength as a function of fcm
is compared to the one suggested by [8] in Fig. 5.9, where the experimental points are
reported as well.
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Table 5.4: Mean values of the performed fittings and comparison with the CNR [8] prevision.
Fitting Approach Material
Mean values σ
β c [N]
Eq. 5.1 CNR [8] Clay bricks 0.50 0.243 4385
Eq. 5.15 2 par. Clay bricks 0.54(†) 0.150(†) 2685
Eq. 5.20 1 par. Clay bricks 0.42 0.220(†) 2751
Eq. 5.21 Heter. Clay bricks 0.76(†) 0.074(†) 2586
Eq. 5.1 CNR [8] Limestone 0.50 0.118 7611
Eq. 5.20 1 par. Limestone 0.42 0.235(†) 5250
Eq. 5.1 CNR [8] Tuff stone 0.50 0.315 4205
Eq. 5.20 1 par. Tuff stone 0.42 0.391(†) 3864
(†) Experimentally calibrated parameters.
β and c are referred to the generic formula Fmax = cbff
β
cm
√
kbEf tf .
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Figure 5.8: Comparisons between the probability density functions of the relationships sug-
gested in [8] and the various approaches proposed herein: (a) clay brick substrate; (b) limestone
and lccese-like stone substrate; (c) tuff stone substrate.
5.4.4 Second approach: mono-parameter formula
The mono-parameter model is based on the assumption that the tensile strength of the
substrate can be written similarly to what suggested for concrete in the Eurocode 2 [110]
and in the German guideline for the strengthening of concrete members with externally
bonded FRP [19], namely
fct,th = c2f
(2/3)
cm , (5.18)
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Figure 5.9: Comparisons between the resistance functions suggested in [8] and the various
approaches proposed for the clay brick substrate.
thus the maximum debonding force can be calculated as
Fmax,th = c3f
0.42
cm bf
√
Ef tfkb , (5.19)
in which the only parameter needing calibration is c3 =
√
2c0.52 .
Similarly to par. 5.4.3, an OLS fitting is performed, but in this case no linearization is
needed and the objective function to be minimized reads as follow
εˆ(c3) =
N∑
i=1
[εi(c3)]
2 =
N∑
i=1
[Fmax,th,i − Fmax,exp,i]2 . (5.20)
The G-ESD procedure described in detected, also in this case, the same three outliers of
par. 5.4.3.
The results of the fitting procedure are shown in Fig. 5.10 and compared with those
obtained by use of the other resistance functions and with the collected tests in Figs. 5.8a
and 5.9, whilst the numerical results are reported in Tab. 5.4.
5.4.5 Third approach: heteroskedastic fitting
Usually, in the literature, the maximum debonding force is measured and reported for
each specimen, while the compressive strength is given as the average value of a number
of samples for a set of results. Therefore, the experimental values are not continuously
distributed with respect to fcm, leading to the subdivision of the database in clusters
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Figure 5.10: Mono-parameter and heteroskedastic fittings: (a) experimental vs. theoretical
maximum debonding force for the mono-parameter formula; (b) experimental vs. theoretical
maximum debonding force for the heteroskedastic fitting; (c) lognormal cumulative proba-
bility functions of the safety factors and comparison with the CNR and the two-parameters
approaches; (d) residuals.
containing all the data characterized by the same value of compressive strength (Fig. 5.11).
Thus, the average maximum debonding force of the ith cluster can be intended as a
measurement with a level of accuracy (or reliability) equal to the reciprocal of its standard
deviation wi = 1/σi. In case of clusters composed only by one datum, the value of σi was
assumed equal to the standard deviation of the entire representative sample. Hence, each
datum has its own weight, namely an influence on the fitting procedure. This leads to
an heteroskedastic fitting that is different from the homoskedastic regressions illustrated
in par. 5.4.3 and 5.4.4 where for each measurement the same level of uncertainty (i.e. its
weight) is assumed.
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Figure 5.11: Heteroskedastic sampling of the results database.
This fitting problem was solved via Weighted Linear Least Square (WLLS) procedure
using the linearized version of the two parameter model (Eq. 5.14). The procedure is the
one illustrated in par. 5.4.3 in which the objective function is replaced with
εˆ(c4, β2) =
m∑
i=1
wi [εi(c4, β2)]
2 =
m∑
i=1
wi [log (Fmax,th,i)− log (Fmax,exp,i)]2 , (5.21)
where m is the number of clusters analyzed. In this case, the outliers research presented
in par. 5.4.3 led to exclude from the fittings five tests.
The results are presented and compared with the other fitting strategies in Figs. 5.8a, 5.9
and 5.10, while the best-fitting parameters are summarized in Tab. 5.4.
5.4.6 First considerations on the approaches
Fig. 5.7 and Tab. 5.4 highlight for the two-parameter approach that the value of c = c1
is not far from the CNR suggestion [8]. The same happens for the mono-parameter
rule (Fig. 5.10a,c,d). Moreover, comparing the mono- and two-parameters formulas, it is
observable how the two approaches leads to similar results (Figs. 5.8a and 5.10c), both in
terms of calibrated parameters (i.e. β and c, Tab. 5.4) than concerning the gain in safety.
In particular, the value of β1, that is fitted on the collected database of experimental
results, is not far from the value suggested by [19, 110] and used for the mono-parameter
formula in par. 5.4.4.
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Concerning the heteroskedastic approach, it can be observed in Fig. 5.9 that the failure
load is underestimated for low values of compressive strength and overestimated for high
values of fcm (Fig. 5.9). Moreover, in contrast with the homoskedastic mono- and two-
parameters approaches, the value of β = β2 is much higher than the one suggested by [8]
(Tab. 5.4).
5.4.7 The “Design assisted by testing” approach
The European standard-code [20] permits to analyze experimental tests to limit uncer-
tainties in resistance models and thus to derive design rules for structural members (point
D3 of [20]). In [20], it is suggested to statistically assess a design formula comparing the
experimental and theoretical results as in Fig. 5.7a or Fig. 5.10a,b and then the theoreti-
cal resistance function should be corrected by means of a Least Square slope coefficient b
defined as
b =
N∑
i=1
Fmax,exp,iFmax,th,i
N∑
i=1
F 2max,th,i
. (5.22)
This procedure allows to calibrate only one (corrective) parameter, while the approach
presented in par. 5.4.3 involves two parameters. However, using in Eq. 5.22 the fitted
relationship of Eq. 5.13 it results that b ' 1.0 (i.e. almost no “correction”), stating the
“statistical equivalence” of the two methods. Differently, Eq. 5.22 follows directly from
the method illustrated in par. 5.4.4 for the mono-parameter fitting. In [20] it is specifically
stated that the representative sample must be homoskedastic, thus what illustrated in the
present section cannot be applied to the heteroskedastic fitting of par. 5.4.5
Once the design formula is assessed, the characteristic value of the resistance is defined
using the variance of the safety factor δ and neglecting the variance of fcm since its coeffi-
cient of variation is usually not reported in the papers. Assuming a lognormal distribution
for the safety factors δi, now intended as an estimator of the error committed with the
theoretical formula, it is possible to define the variance s2∆ and the mean value ∆¯ of the
lognormal variable ∆i = log(δi) as
s2∆ =
1
n− 1
N∑
i=1
(∆i − ∆¯)2 with ∆¯ = 1
n
n∑
i=1
∆i . (5.23)
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Finally the characteristic value of the maximum debonding force can be expressed for a
representative sample with N ≥ 100 as:
Fmax,k =
[
cfβcmbf
√
Ef tfkb
]
e(−k∞s∆−0.5s
2
∆) = ckf
β
cmbf
√
Ef tfkb , (5.24)
where the parameters (c, β) are respectively the coefficient and the exponent of the design
formula summarized in Tab. 5.4 and ck = ck5% = ce
(−k∞s∆−0.5s2∆). The coefficient k∞ =
1.64 is the 5% characteristic fractile factor in case of a very large number of measurements
(i.e., N ≥ 100). The characteristic values for the mono- and two-parameters models are
reported in Tab. 5.5 whilst in Figs. 5.7a and 5.10a the characteristic resistance functions
are plotted together with the mean ones with a dashed line.
5.5 Extension of the strategy to natural stone substrates
Since the number of experimental points is limited and the distribution is too scattered
to perform a two-parameters (par. 5.4.3) or a heteroskedastic (par. 5.4.5) fitting for the
natural stone substrates (either for limestone or tuff), in these cases only mono-parametric
fitting was performed. Moreover, as briefly outlined in par. 5.4.6 and better explained in
par. 5.6.1, the heteroskedastic approach does not provide reliable prevision of the failure
loads for the tests accounted, whilst the mono- and two-parameters predictive formulas
give similar results (Figs. 5.8a and 5.10c).
Assuming that the tensile strength of the substrate can be written as in Eq. 5.18 and
adopting the objective functions of Eq. 5.20, two different fittings for the calcareous stones
and for the tuff stones were performed. The results are summarized in Tab. 5.4 and 5.5
and illustrated in Figs. 5.12 and 5.13. Comparisons between the present approach and
the results predicted with the CNR-DT suggestions [8] are presented in Figs. 5.8b,c and
5.14. Here, the value of the 5% characteristic fractile factor adopted was k40 = 1.72 for
the limestone (N=40) and k27 = 1.74 for the tuff stone (N=27).
5.6 Discussion of the results
5.6.1 Clay brick substrate
Figs. 5.6 and 5.7b show that the CNR relationship [8] of Eq. 5.1, overestimates (i.e.
δ ≤ 1) the maximum debonding force of about the 85-90% of the tests considered in the
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Figure 5.12: Comparison between the CNR formula and the performed fitting for the lime-
stone and calcareous stone substrate: (a) experimental vs. theoretical maximum dedonding
force; (b) lognormal cumulative probability functions of the safety factors; (d) residuals.
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Figure 5.13: Comparison between the CNR formula and the performed fitting for the tuff
substrate: (a) experimental vs. theoretical maximum debonding force; (b) lognormal cumu-
lative probability functions of the safety factors; (d) residuals.
database. The two- and mono-parameter approaches proposed here seem to overcome this
problem (Fig. 5.9) thus leading to a gain in safety (Figs. 5.7b and 5.10c). Comparing these
approaches to the ones accounted in the literature overview of par. 5.2 (Fig. 5.15a,d), a
decreased percentage of overestimated results is, once more, usually observable. This is also
confirmed by the residual values (Figs. 5.7c and 5.10d) which appear more concentrated
along the zero line. A decrease of the variance σ is also clearly reached as shown in
Tab. 5.4. It can be also observed that the mono- and the two-parameters fittings give
similar results in term of maximum debonding force Fmax (Figs. 5.7a, 5.9 and 5.10a) and
safety factor (Fig. 5.10c).
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Figure 5.14: Comparisons between the resistance functions suggested by [8] and the proposed
approach for the limestone and the tuff stone substrates.
Differently, as briefly outlined in par. 5.4.6, the heteroskedastic fitting appears not
reliable since the values of the exponent for fcm is rather high (β = 0.76), involving a
tensile strength fct growing much more than linearly with the compressive strength of
the substrate (α = 2.04). This fact is in contrast with theoretical considerations and
justifies the extremely low values of Fmax for low compressive strengths of the substrates
and vice versa for high strength substrates. Probably this is the result of the very limited
number of clusters (about 26) recognized within the collected data, leading to a poor grid
of experimental points. For these reasons the heteroskedastic rule is excluded from the
comparison in Fig. 5.15a,d.
5.6.2 Natural stone substrates
Figs. 5.12a and b show how the CNR prevision for limestone and calcareous stones
is too conservative, inducing an anti-economic design of the FRP interventions. The
proposed approach limits this trend reducing the residuals between the theoretical and
the experimental values of Fmax (Fig. 5.12c), especially for low values of the substrate
compressive strength (Fig. 5.14). The relationships illustrated in the overview of par. 5.2
applied to calcareous stones lead to puzzling and sometimes conflicting results, since an
overestimation or underestimation of the debonding capacity can be obtained by simply
changing the evaluation approach (Fig. 5.15b,e). The mono parameter formula presented
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Table 5.5: Characteristic values of the performed fittings and comparison with the CNR [8]
prevision.
Fitting Approach Material k5% ck
Eq. 5.1 CNR [8] Clay bricks 0.577 0.140
Eq. 5.15 2 par. Clay bricks 0.584(a) 0.088
Eq. 5.20 1 par. Clay bricks 0.582(a) 0.128
Eq. 5.1 CNR [8] Limestone 0.738 0.087
Eq. 5.20 1 par. Limestone 0.510(b) 0.114
Eq. 5.1 CNR [8] Tuff stone 0.553 0.174
Eq. 5.20 1 par. Tuff stone 0.570(c) 0.222
(a) k∞ = 1.64. (b) k40 = 1.72. (c) k27 = 1.74.
ck = ck5% = ce
(−kns∆−0.5s2∆) with k5% from [20]
here generally permits a clear gain in term of accuracy (Fig. 5.15b,e).
Concerning the tuff substrate, the proposed mono-parameter rule leads to reliable
prevision of the debonding strength of the FRP reinforcements, anyway there is only a
limited improvement in comparison with the CNR approach (Figs. 5.13a and b). This is
probably due to the very low number of tests at disposal in literature and to the fact that
the values of the substrate strength taken into account span a narrow range (Fig. 5.14).
When compared to other approaches from literature (Fig. 5.15c,f), the proposed formula
leads to a general gain in reliability confirming the validity of the method.
It should be highlighted here that, for natural stone masonry substrates, the number of
the tests available to date are limited (N=40 for limestones or calcareous stones and N=27
for tuff stones). Furthermore, some studies available in the literature (e.g. [68, 89, 143, 154]
among others) revealed that tuff stone, differently from calcareous stone, can display failure
mechanisms quite different from other masonry substrates because of its different material
texture and microstructure. Thus a deeper investigation on the subject is needed to obtain
more appropriate design rules for this kind of stone. Nevertheless, natural stone masonry
constitutes one of the oldest construction material and it is used in a wide number of
historical buildings needing structural interventions to be protected and preserved from
aging. As outlined in par. 5.1, the reinforcement with externally glued FRPs is one of
the most attractive and effective strengthening technique since it permits a good gain in
terms of safety besides a limited impact on the historical and artistic heritage. For these
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Figure 5.15: Comparisons between the different relationships available in literature illus-
trated in par. 5.2 and the proposed approaches. (a) Cumulative probability functions for clay
brick substrate. (b) Cumulative probability functions for calcarenite and calcareous stones.
(c) Cumulative probability functions for tuff stones. (d) Probability density functions for clay
brick substrate. (e) Probability density functions for calcarenite and calcareous stones. (f)
Probability density functions for tuff stones.
reasons, while other experimental evidence to better calibrate design rules are needed and
desirable, the actual common practice has to be based on the the available literature, as
was done by other authors (as for example [143]) and even proposed in some guidelines
(as in [8]). Thus, for the actual state of knowledge the presented approach, even if not
unique [8, 143], can be conceived as a good approximation.
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5.7 Conclusive comments
In the present section an alternative design formula for the ultimate debonding strength
between FRP reinforcements and masonry substrates is proposed. To date, the strength-
ening by means of FRP composites of masonry elements is specifically accounted only in
the CNR guideline [8], which is thus considered as paradigmatic approach for the compar-
isons. Starting from the closed form solution of the debonding problem (Eq. 5.1) adopted
in [8], a semi-empirical strategy is defined. The capacity against debonding of an FRP-
masonry system is calculated as a function of the width bf , thickness tf and Young’s
modulus Ef of the FRP reinforcement and of the compressive strength of the substrate
fcm. The transversal effects due to the width ratio λw = bf/bm is accounted using the
relation suggested in [8] (Eq. 5.3). A novel empirical power relationship between fct and
fcm is introduced to avoid direct dependence with the substrate tensile strength. Differ-
ently from [8], here the experimentally calibrated parameters are directly stated into the
expression defining Fmax.
Finally, statistical methods were used to calibrate the proposed relationships. In par-
ticular, the comparison with [8] permits to draw the following conclusions:
- for the clay bricks, both the mono- and two-parameter homoskedastic fittings pro-
posed give good results and limit the overestimation of the debonding resistance
highlighted for [8], leading to a safer estimation of the ultimate pulling force for the
FRP reinforcements;
- heteroskedastic fitting for clay bricks leads to results which are in contrast with the
theoretical considerations and to inaccurate evaluation of the ultimate load. This
result is probably due to the sparsity of the experimental points when data are
grouped into clusters of measurements (Fig. 5.11);
- for the limestones and the calcareous stones, the predictions coming from [8] slightly
underestimate the maximum debonding force applicable. The homoskedastic mono
parametric model proposed limits this trend allowing a more economic employment
of the FRP reinforcements. Compared with other approaches it permits a more
accurate previsions of the debonding strength;
- for tuff substrates, the proposed relationship does not involve a significant improve-
ment in accuracy with respect to [8], probably due to the limited number of data
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available. Nevertheless, the predictions coming from the calibrated mono-parameter
formula are in good agreement with the experimental data and often lead to a more
precise evaluation of Fmax in comparison with other approaches.
To conclude, even if more experimental data are needed in order to confirm the obtained
results, the proposed approach seems to lead to reliable previsions of the debonding resis-
tance of FRP reinforcements applied to masonry. In particular, a general gain in accuracy
with respect to other formulas available in literature is highlighted
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6Final remarks
6.1 Summary of the results
In this section the major findings arisen during the present work are summarized, in
order to give a global view of the thesis.
This work is subdivided in four main phases that can be seen as one the outcome of
the other:
1. Literature overview and study of the state of the art and its advancements;
2. Experimental studies;
3. Numerical modeling of the phenomena and validation with experimental data;
4. Formulation and assessment of simple rules for the design practice.
The evidence arisen represent a step forward in the understanding of the mechan-
ics of the debonding phenomenon, from the experimental, numerical and design practice
standpoints. In particular, the following results were obtained:
- Experimental setup a new single-lap pure-shear test setup has been developed and
validated for the characterization of the FRP reinforcements applied on quasi-brittle
materials as masonry or concrete. Indeed, it has been demonstrated that it permits
a deeper investigation of the debonding mechanism by making available, for the
first time, the entire equilibrium path (pull-out curve) included its possible unstable
snap-back branch;
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- Experimental debonding behavior new evidence on the debonding failure mecha-
nisms of FRP composites externally glued on concrete and clay brick masonry have
been found. A dependence with the initial bonded length was observed, i.e. for short
bonded length a unique crack nucleating at the free-end and propagating toward the
loaded one was observed. Differently, for long bonded length was noticed a “two-
way debonding mechanism”, involving two different cracks that nucleate separately.
The first one occurred at the loaded-end and propagates toward the free one during
the first part of the test, the second appeared at the free-end and penetrate into
the substrate material in direction of the first crack. During the initial phases of
propagation both the cracks sometime kink into the support block resulting in a
bulb of material detached. Moreover, it has been observed that reducing the initial
bonded length the fracture energy dissipated is more similar to the mode-I frac-
ture toughness. Conversely, for long bonded lengths the energy dissipation reaches
higher values, typical of a mode-II process. Such observation imply that, at least
for short bonded lengths, the influence of the mode-I (or opening) mode might be
non-negligible;
- Numerical modeling of the monotonic behavior a novel monodimensional cohesive
zone model coupling the tangential and the vertical (opening) behavior based on
a widely used first-order approximation of the debonding phenomenon has been
proposed and validated against available experimental results. From the performed
analyses and comparisons, it has been proven that the model is able to reproduce
the failure mechanism of an FRP glued joint as emerged from the experimental
campaigns. While more analyses are needed to confirm and extend the obtained
results, the proposed model appears a very promising tool to study the monotonic
behavior of the externally bonded FRP reinforcement.
- Numerical modeling of the cyclic behavior trying to overcome the drawbacks of
the available numerical models and empirical relationships to predict the lifespan
of structural members reinforced with FRP materials and subject to cyclic loading,
a novel model is proposed. The interface behavior is defined coupling damage and
plasticity using an ad-hoc admissible domain function. Although a deeper validation
is needed, the very good agreement of the first comparisons between experimental
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and numerical data evidence that the proposed approach is a very promising tech-
nique to interpret the experimental data as well as to predict the fatigue behavior
of a FRP glued joint.
- Design rules assessment it has been demonstrated how the design formulas nowa-
days available for the design of FRP reinforcement glued on masonry substrates are
often too inaccurate. In particular, most of the rules accounted overestimate the
maximum debonding force, condition that might lead to an unsafe design of the
strengthening interventions. Trying to overcome this problem, a database of FRP-
masonry bond tests results has been collected and used to assess and propose a new
practical design formula to evaluate the maximum debonding force attainable in an
FRP-masonry glued joint. Starting from theoretical considerations, three different
approaches were accounted and then statistically compared with other rules avail-
able in the literature as well as with experimental data confirming a general gain in
accuracy.
6.2 Open questions and possible developments
A series of issues remain still open since they are not taken into account in the present
work.
For a correct understanding of the fatigue behavior of FRP applied on quasi-brittle
materials, the study of the effects of cyclic actions on the interface behavior is mandatory
[5, 95]. For this problem a general description of the debonding process by means of coupled
damage-elastoplastic models is recommended because of the time-dependent history of the
structural response. First attempts in this direction have been performed and illustrated
in par. 4.5 and very promising results have been achieved, but more investigations are
needed. In this field, the study of the visco-plastic behavior is also of interest, especially
to investigate the influence of the applied load frequency on fatigue performance.
Another subject of concern is the aging of bonded assemblies that rules the durability
of the strengthening interventions. In fact, externally glued FRP composites frequently
are directly exposed to environmental conditions that can alter the bonding effectiveness.
Studies on the consequences of temperatures and humidity cycles on the bonding behavior
(i.e. on the interface stiffness and strength), freeze-thaw influence on crack propagations
and effects of the exposition to the sunlight (i.e. ultra-violet and infra-red radiation)
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are still on their infancy and only few publications are available in the literature (e.g.
[86, 108, 136, 155, 158, 159]).
Finally, some recent results [38, 141] suggest that the role of the glue permeability of
the substrate play an incisive role in the failure mechanism. Primarily, it influences the
dissipated fracture energy, thus the load carrying capacity of the reinforcement. Today, it is
not possible to quantify the influence of the substrate texture on the debonding mechanism
and on the value of maximum load, thus a deeper investigation in this direction is needed.
In particular, the study of the diffusion mechanism of the glue into the substrate and
how it influences the fracture energy and the debonding process is of primary interest,
especially for ancient masonry stating the wide variety of existent materials.
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Appendix A
Detailed description of the
numerical FDM strategy for the
pure shear model
Following Eq. 4.9, the governing system arising from Eqs. 4.1 and 4.3 can be written
as 
N (i+1) −N (i)
hn
=
1
2
(
τ (i)(s) + τ (i+1)(s)
)
bf
s(i+1) − s(i)
hn
=
1
2Efbf tf
(
N (i) +N (i+1)
)
.
(A.1)
In order to better menage the system, the following adimensional quantities, designated
with •˜, are introduced
N˜ (i) =
N (i)
bf tf τˆ0
; (A.2a)
s˜(i) =
s(i)
s1
; (A.2b)
h˜n =
hn
lb
=
1
N − 1 . (A.2c)
where τˆ0 is a properly selected adimensionalization stress parameter. Further, introducing
also the interface law of Eq. 4.4, it is possible to write
1
h˜n
(
N˜ (i+1) − N˜ (i)
)
=
s1lb
tfτ0
(
(1−D(i+1))K(i+1)el s˜(i+1) + (1−D(i))K(i)el s˜(i)
)
1
h˜n
(
s˜(i+1) − s˜(i)
)
=
τˆ0lb
2Efs1
(
N˜ (i+1) + N˜ (i)
)
.
(A.3)
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where D(i) = D(s(xi)) constitutes a non-linear term.
Eq. A.3 can be written in matrix form as follows,
 1h˜n
[
−1 0 1 0
0 −1 0 1
]
− 1
2
 0 s1lbtf τˆ0K(i)sec 0 s1lbtf τˆ0K(i+1)sec
τˆ0lb
Efs1
0 τˆ0lbEfs1 0


N˜ (i)
s˜(i)
N˜ (i+1)
s˜(i+1)
 = 0 , (A.4)
or, in compact form{
1
h˜n
[
−I I
]− 1
2
[
Ai Ai+1
]}[ y˜(i)
y˜(i+1)
]
= 0 , (A.5)
where I is the [k × k] identity matrix (with k = dim(y(i))). The matrix of the non-linear
coefficients is
Ai =
 0 s1lbtf τˆ0K(i)sec
τˆ0lb
Ef s1
0
 = 0 . (A.6)
where K
(i)
sec = (1−D(i))Kel constitutes the non linear term.
A.1 Boundary conditions matrices
Concerning the boundary conditions and the right-hand side, the following cases, sum-
marized in Fig. 4.2, are considered:
Loaded-end force driven process
B0 =
[
1 0
0 0
]
, Blb =
[
0 0
1 0
]
, α =
[
0
F
bf tf τˆ0
]
. (A.7)
Loaded-end displacement driven process
B0 =
[
1 0
0 0
]
, Blb =
[
0 0
0 1
]
, α =
[
0
s(N)
s1
]
. (A.8)
Free-end displacement driven process
B0 =
[
1 0
0 1
]
, Blb =
[
0 0
0 0
]
, α =
[
0
s(0)
s1
]
. (A.9)
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Appendix B
Detailed description of the
numerical FDM strategy for the
mixed-mode model
Following Eq. 4.9, the governing system arising from Eqs. 4.14 and 4.15 can be written
as
N (i+1) −N (i)
hn
=
1
2
(
τ (i)(s, v) + τ (i+1)(s, v)
)
bf
V (i+1) − V (i)
hn
=
1
2
(
σ(i)(s, v) + σ(i+1)(s, v)
)
bf
M (i+1) −M (i)
hn
=
1
2
[(
V (i) + V (i+1)
)
+
(
τ (i)(s, v) + τ (i+1)(s, v)
)
bf
(
tf
2
+ ta
)]
u(i+1) − u(i)
hn
=
1
2Efbf tf
(
N (i) +N (i+1)
)
v(i+1) − v(i)
hn
=
1
2
(
ϕ(i) + ϕ(i+1)
)
ϕ(i+1) − ϕ(i)
hn
= − 12
2bf t3fEf
(
M (i) +M (i+1)
)
.
(B.1)
The following adimensional quantities are then introduced
N˜ (i) =
N (i)
bf tf σˆ0
; V˜ (i) =
V (i)
bf tf σˆ0
; M˜ (i) =
M (i)
bf t
2
f σˆ0
;
u˜(i) =
u(i)
s1
; v˜(i) =
v(i)
v1
; ϕ˜(i) = ϕ(i) ; h˜n =
hn
lb
=
1
N − 1 .
(B.2)
where σˆ0 is a properly selected adimensionalization stress parameter. Assuming K
(i)
s,τ =
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(1 − D(i)(s, v))Kτ and K(i)s,σ = (1 − D(i)(s, v))Kσ and introducing the interface law of
Eq. 4.32 into Eq. B.3, is possible to obtain the adimensional system

1
h˜n
(
N˜ (i+1) − N˜ (i)
)
=
s1lb
2tf σˆ0
(
K(i+1)s,τ
(
u˜(i+1) − tf
2
ϕ˜(i+1)
)
+K(i)s,τ
(
u˜(i) − tf
2
ϕ˜(i)
))
1
h˜n
(
V˜ (i+1) − V˜ (i)
)
=
v1lb
2tf σˆ0
(
K(i+1)s,σ v˜
(i+1) +K(i)s,σ v˜
(i)
)
1
h˜n
(
M˜ (i+1) − M˜ (i)
)
=
lb
2tf
(
V˜ (i+1) + V˜ (i)
)
+
s1lb
2t2f σˆ0
(
tf
2
+ ta
)
· · ·
· · ·
(
K(i+1)s,τ
(
u˜(i+1) − tf
2
ϕ˜(i+1)
)
+K(i)s,τ
(
u˜(i) − tf
2
ϕ˜(i)
))
1
h˜n
(
u˜(i+1) − u˜(i)
)
=
τˆ0lb
2Efs1
(
N˜ (i+1) + N˜ (i)
)
1
h˜n
(
v˜(i+1) − v˜(i)
)
=
lb
2v1
(
ϕ˜(i+1) + ϕ˜(i)
)
1
h˜n
(
ϕ˜(i+1) − ϕ˜(i)
)
= − 12σˆ0lb
Ef tf
(
M˜ (i+1) + M˜ (i)
)
(B.3)
where the expression for the slips s = u−ϕtf/2 is used. Eq. B.3 can be written in compact
form as
{
1
h˜n
[
−I I
]− 1
2
[
Ai Ai+1
]}[ y˜(i)
y˜(i+1)
]
= 0 , (B.4)
where I is the [6 × 6] identity matrix and y˜(i) =
[
N˜ (i), V˜ (i), M˜ (i), u˜(i), v˜(i), ϕ˜(i)
]T
is the
vector collecting the adimensionalized unknowns.
The non-linear matrix of the coefficients is
Ai =

0 0 0 s1lbtf σˆ0K
(i)
s,τ 0 − lb2σ0K
(i)
s,τ
0 0 0 0 v1lbtf σˆ0K
(i)
s,σ 0
0 lbtf 0
s1lb
t2f σˆ0
(
tf
2 + ta
)
K
(i)
s,τ 0
lb
2tf σˆ0
(
tf
2 + ta
)
K
(i)
s,τ
σˆ0lb
Ef s1
0 0 0 0 0
0 0 0 0 0 lbv1
−12σˆ0lbEf tf 0 0 0 0 0

= 0 . (B.5)
B.1 Boundary conditions matrices
Concerning the boundary conditions and the right-hand side, the following cases, sum-
marized in Fig. 4.10, are considered:
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Loaded-end force driven process
B0 =

1
1
1
0
0
0
 , Blb =

0
0
0
1 0
1
1 0
 , α =

0
0
0
F
bf tf σˆ0
0
0
 . (B.6)
Loaded-end displacement driven process
B0 =

1
1
1
0
0
0
 , Blb =

0
0
0
1
1
1 0
 , α =

0
0
0
u(N)
s1
0
0
 . (B.7)
Free-end displacement driven process
B0 =

1
1
1
1
0
0
 , Blb =

0
0
0
0
1
1 0
 , α =

0
0
0
u(0)
s1
0
0
 . (B.8)
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Appendix C
Procedure to solve the cyclic
problem
C.1 Return mapping algorithm
In order to obtain, in a time-discretized setting, the variation of the state variables
within a finite time step while fulfilling the Kuhn-Tucker conditions, it is necessary to
define a suitable time integration algorithm, which is here chosen as a classical backward
Euler/return mapping algorithm [133]. In the present work the driving variable is the total
slip s. For a given increment ∆si+1 at the time step i+ 1, the following time discretized
equations should be solved at each point of the domain
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
si+1 = si + ∆si+1
∆si+1pl = ∆γ
i+1sign(η)
si+1pl = s
i
pl + ∆s
i+1
pl
∆si+1 = ∆si+1el + ∆s
i+1
pl
∆Di+1K = −
τ rel,i+1y 〈∆si+1pl 〉−
Kel,0
[
(srel,i+1 − si)2 − 〈∆si+1pl 〉− (srel,i+1 − si)
]
Di+1K =
{
DiK + ∆D
i+1
K if D
i
K + ∆D
i+1
K < min
(
1, DlimK
)
1 otherwise
τ i+1 = (1−Di+1K )Kel,0(si+1 − sipl)− (1−Di+1K )Kel,0∆si+1pl
= τ i + ∆τ i+1
∆Di+1τ = −
〈∆si+1〉−h(τy,0 − τy)
sf,u
g(s)f(τ)
Di+1τ =
{
Diτ + ∆D
i+1
τ if D
i
τ + ∆D
i+1
τ < 1
1 otherwise
∆αi+1 = ∆γi+1
(
1−Di+1τ
)
h(si+1 − si+1pl )
αi+1 = αi + ∆αi+1
∆qi+1 = ∆γi+1
(
1−Di+1τ
)2
2
Kplh(s
i+1 − si+1pl )+
+
1
2
(
τy,0 +Kplα
i+1
)
∆Di+1τ
qi+1 = qi + ∆qi+1
ηi+1 = τ i+1 − qi+1h(si+1 − si+1pl )
F i+1 =
∣∣ηi+1∣∣− (1−Di+1τ )
2
(
τy,0 +Kplα
i+1
)
h(si+1 − si+1pl ) 6 0 .
(C.1)
These relationships have been obtained from the time integration of Eqs. 4.67, 4.68, 4.57-
4.59, 4.40 using the backward Euler algorithm, along with Eqs. 4.38, 4.41, 4.42.
To define the actual stress state it is possible to start assuming as a trial state a process
in which no plastic flow takes place (i.e., ∆γ = 0), thus
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C.1 Return mapping algorithm

si+1pl,TRIAL = s
i
pl
∆si+1el,TRIAL = ∆s
i+1
Di+1K,TRIAL = D
i
K
τ i+1TRIAL = (1−Di+1K,TRIAL)Kel,0(si+1 − sipl) = τ i + ∆τ i+1
αi+1TRIAL = α
i
∆qi+1TRIAL =
1
2
(
τy,0 +Kplα
i+1
TRIAL
)
∆Di+1τ
qi+1TRIAL = q
i + ∆qi+1TRIAL
ηi+1TRIAL = τ
i+1 − qi+1TRIALh(si+1 − sipl)
F i+1TRIAL =
∣∣ηi+1TRIAL∣∣− (1−Di+1τ )2 (τy,0 +Kplαi)h(si+1 − sipl) .
(C.2)
If F i+1TRIAL ≤ 0, the assumed trial state is the real one and no further calculations are
needed [133]. Conversely, F i+1TRIAL > 0 implies that the yielding limit has been exceeded,
thus plastic flow takes place and the trial state must be corrected so as to obtain F = 0.
Comparing Eqs. C.17 and C.24 it is possible to obtain
τ i+1 = τ i+1TRIAL − (1−Di+1K )Kel,0∆si+1pl . (C.3)
Note that this relationship is valid for all the meaningful cases since ∆Di+1K 6= 0 only at
the lower bound of the admissible states domain (see Fig. 4.24a), but here ∆si+1el,TRIAL < 0
and τ i+1TRIAL < 0 and h(s
i+1 − sipl) = h(∆si+1el,TRIAL) = 0 (because at the lower bound
si − sipl = 0, Fig. 4.24a) leading to F i+1TRIAL = |τ i+1TRIAL| > 0 independently from the value
of Di+1K,TRIAL. Moreover, from Eq. 4.76, it is clear how the plastic multiplier in the latter
case is always equal to unity leading to a perfectly plastic process (i.e., ∆si+1pl = ∆s
i+1).
On the contrary, for all the other possible branches Di+1K = D
i+1
K,TRIAL = D
i
K because
∆Di+1K = 0.
Subtracting Eq. C.114 multiplied by h(s
i+1 − si+1pl ) from Eq. C.3, recalling Eqs. 4.61,
C.26−8 and C.112,14 and manipulating the result we obtain
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|ηi+1TRIAL|sign(ηi+1TRIAL) =
[|ηi+1|+ ∆γi+1 ((1−Di+1K )Kel,0+︸ ︷︷ ︸
C
+
(1−Di+1τ )2
2
Kplh(s
i+1 − si+1pl )
)]
︸ ︷︷ ︸
C
sign(ηi+1)
(C.4)
Since the coefficient C in Eq. C.4 is non-negative (i.e. C ≥ 0) because of Eq. 4.70,
after some simple passages, it follows
sign(ηi+1TRIAL) = sign(η
i+1)
|ηi+1| = |ηi+1TRIAL| −∆γi+1
(
(1−Di+1K )Kel,0+
+
(1−Di+1τ )2
2
Kplh(s
i+1 − si+1pl )
) (C.5)
By substituting Eq. C.52 into Eq. C.115, recalling Eq. C.110 and setting the result
equal to zero it is possible to write
F i+1TRIAL −∆γi+1
(
(1−Di+1K )Kel,0 +
(1−Di+1τ )2
2
Kplh(s
i+1 − si+1pl ) +
−(1−D
i+1
τ )
2
2
Kplh(s
i+1 − si+1pl )
)
= 0
(C.6)
and then
∆γi+1 =
F i+1TRIAL
(1−Di+1K )Kel,0 + (1−Di+1τ )2Kplh(si+1 − si+1pl )
. (C.7)
where, once more, the condition of Eq. 4.69 ensures the non-negativity of the plastic
multiplier ∆γi+1.
The flow chart for the implementation of the return mapping algorithm is reported in
Figs. C.1, C.2.
C.2 Tangential modulus
In view of the numerical incremental implementation, it is convenient to introduce here
the tangential stiffness modulus Ktan as
Ktan :=
∂τ
∂s
. (C.8)
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C.2 Tangential modulus
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Figure C.1: Flow chart of the iterative loop for the solution of the incremental system within
a single time step.
Then, the following relationship holds
τ˙ =
∂τ
∂t
=
∂τ
∂s
∂s
∂t
= Ktans˙ . (C.9)
Comparing Eq. C.9 with Eq. 4.40 and using Eq. 4.57 it follows
Ktans˙ = (1−DK)Kel,0 (s˙− γsign(η)) , (C.10)
Recalling Eq. 4.76 and that γ > 0 when F = 0 and is zero otherwise (namely, when
F < 0), from Eq. C.10 we obtain
Ktan =

(1−DK)Kel,0(1−Dτ )2Kplh(s− spl)
(1−DK)Kel,0 + (1−Dτ )2Kplh(s− spl) , F = 0, γ > 0
(1−DK)Kel,0, F < 0, γ = 0 .
(C.11)
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Figure C.2: Flow chart of the return mapping algorithm to calculate the real state of stress
and the tangent stiffness.
where Eq. C.111 holds at the upper/lower bound of the admissible states domain (Fig. 4.24a
branches A-B, C-D and E-F) and Eq. C.112 is valid for the (re)loading/unloading branch
(Fig. 4.24a branches O-A, B-C and D-E).
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Appendix D
FRP-masonry experimental
results database
Table D.1: Database of experimental results used for the analyses
Ref.
bf lb tf Ef Fiber(a)
bm hm Support fcm ftm,exp
(c) Fmax
[mm] [mm] [mm] [GPa] [mm] [mm] material(b) [MPa] [MPa] [kN]
[141] 35 150 0.230 390 C 147 61 B old 12.6 1.6 9.1
35 150 0.230 390 C 147 61 B old 12.6 1.6 8.5
35 150 0.230 390 C 131 59 B old 11.4 1.9 14.1
35 150 0.230 390 C 131 59 B old 11.4 1.9 8.2
35 150 0.230 390 C 131 59 B old 11.4 1.9 9.0
35 150 0.230 390 C 140 59 B old 17.2 1.7 5.1
35 150 0.230 390 C 140 59 B old 17.2 1.7 7.1
35 150 0.230 390 C 140 59 B old 17.2 1.7 4.6
[149] 50 200 0.165 230 C 120 55 B new 50.9 2.4 15.9
50 200 0.165 230 C 120 55 B new 50.9 2.4 17.1
50 200 0.165 230 C 120 55 B new 50.9 2.4 17.6
50 200 0.165 230 C 120 55 B new 50.9 2.4 19.6
50 200 0.165 230 C 120 55 B new 50.9 2.4 20.2
50 200 0.230 65 G 120 55 B new 50.9 2.4 11.7
50 200 0.230 65 G 120 55 B new 50.9 2.4 14.0
50 200 0.230 65 G 120 55 B new 50.9 2.4 13.7
50 200 0.230 65 G 120 55 B new 50.9 2.4 13.2
50 200 0.230 65 G 120 55 B new 50.9 2.4 14.2
[33] 25 120 1.200 160 C 120 55 B new 38.5 - 10.3
25 160 1.200 160 C 120 55 B new 38.5 - 8.3
25 120 1.200 160 C 120 55 B new 38.5 - 10.4
25 160 1.200 160 C 120 55 B new 38.5 - 9.6
[38] 25 160 0.227 190 S 120 55 B new 38.5 - 10.1
25 160 0.227 190 S 120 55 B new 38.5 - 13.4
25 160 0.227 190 S 120 55 B new 38.5 - 11.5
25 160 0.227 190 S 120 55 B new 38.5 - 10.6
25 160 0.227 190 S 120 55 B new 38.5 - 14.6
25 160 0.227 190 S 120 55 B old 34.7 - 10.6
25 160 0.227 190 S 120 55 B old 30.2 - 10.0
25 160 0.227 190 S 120 55 B old 32.1 - 8.3
25 160 0.227 190 S 120 55 B old 27.3 - 5.9
25 160 0.227 190 S 120 55 B old 22.3 - 8.4
25 160 0.227 190 S 120 55 B old 34.7 - 4.8
Table D.1 continues in the next page
(a) C = Carbon, G = Glass, B = Basalt, S = Steel
(b) B old = Ancient brick, B new = Recent brick, NS limes. = Leccese like stone or limestone, NS tuff = Tuff
(c) where splitting test was performed ftm,exp = 0.9ftm,split; where flexural test was performed ftm,exp = 0.5ftm,flex
195
D. FRP-MASONRY EXPERIMENTAL RESULTS DATABASE
Table D.1 continued from previous page
Ref.
bf lb tf Ef Fiber(a)
bm hm Support fcm ftm,exp
(c) Fmax
[mm] [mm] [mm] [GPa] [mm] [mm] material(b) [MPa] [MPa] [kN]
25 160 0.227 190 S 120 55 B old 17.4 - 7.0
25 160 0.227 190 S 120 55 B old 13.6 - 5.1
[92] 50 250 0.120 73 G 140 60 B old 7.3 - 6.3
50 250 0.120 73 G 140 60 B old 7.3 - 4.5
50 250 0.120 73 G 140 60 B old 7.3 - 5.0
50 250 0.170 240 C 140 60 B old 7.3 - 13.0
50 250 0.170 240 C 140 60 B old 7.3 - 8.5
50 250 0.170 240 C 140 60 B old 7.3 - 8.5
50 250 0.097 118 S 140 60 B old 7.3 - 10.0
50 250 0.097 118 S 140 60 B old 7.3 - 12.5
50 250 0.097 118 S 140 60 B old 7.3 - 12.0
[32] 12 100 0.167 230 C 100 57 B new 35.6 - 5.7
12 100 0.167 230 C 100 57 B new 35.6 - 5.8
12 100 0.167 230 C 100 57 B new 35.6 - 5.3
12 100 0.167 230 C 100 57 B new 35.6 - 5.5
[68] 129 243 0.342 81 G 129 120 NS limes. 2.3 - 12.6
123 243 0.342 81 G 123 120 NS limes. 2.3 - 11.4
128 243 0.342 81 G 128 120 NS limes. 2.3 - 10.5
118 242 0.164 230 C 118 120 NS limes. 2.5 0.3 14.0
119 241 0.164 230 C 119 120 NS limes. 2.5 0.3 13.8
121 242 0.164 230 C 121 120 NS limes. 2.5 0.3 15.1
123 245 0.342 81 G 123 120 NS tuff 4.4 0.3 15.3
120 243 0.342 81 G 120 120 NS tuff 4.4 0.3 12.9
121 241 0.342 81 G 121 120 NS tuff 4.4 0.3 8.5
119 244 0.164 230 C 119 120 NS tuff 4.4 0.3 18.7
121 236 0.164 230 C 121 120 NS tuff 4.4 0.3 19.5
120 241 0.164 230 C 120 120 NS tuff 4.4 0.3 15.1
116 235 0.342 81 G 120 120 B new 25.0 5.0 23.5
116 226 0.342 81 G 120 120 B new 25.0 5.0 25.3
115 243 0.164 230 C 120 120 B new 25.5 5.0 31.2
116 246 0.164 230 C 120 120 B new 25.5 5.0 32.2
117 245 0.164 230 C 120 120 B new 25.5 5.0 32.4
51 238 0.342 81 G 120 120 B new 25.5 5.0 15.9
57 238 0.342 81 G 120 120 B new 25.5 5.0 15.3
57 236 0.342 81 G 120 120 B new 25.5 5.0 15.6
56 237 0.164 230 C 120 120 B new 25.5 5.0 14.9
55 238 0.164 230 C 120 120 B new 25.5 5.0 15.2
57 238 0.164 230 C 120 120 B new 25.5 5.0 16.9
122 246 0.342 81 G 122 120 NS limes. 70.0 5.7 35.9
123 243 0.342 81 G 123 120 NS limes. 70.0 5.7 34.1
123 240 0.342 81 G 123 120 NS limes. 70.0 5.7 39.2
120 239 0.164 230 C 120 120 NS limes. 70.0 5.7 19.3
121 243 0.164 230 C 121 120 NS limes. 70.0 5.7 35.3
123 240 0.164 230 C 123 120 NS limes. 70.0 5.7 42.8
[58] 50 160 0.120 84 G 120 55 B new 19.8 1.8 3.8
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.4
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.5
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.5
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.6
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.2
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.6
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.8
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.1
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.1
50 160 0.120 84 G 120 55 B new 19.8 1.8 3.7
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.1
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.2
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.2
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.5
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.5
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.6
Table D.1 continues in the next page
(a) C = Carbon, G = Glass, B = Basalt, S = Steel
(b) B old = Ancient brick, B new = Recent brick, NS limes. = Leccese like stone or limestone, NS tuff = Tuff
(c) where splitting test was performed ftm,exp = 0.9ftm,split; where flexural test was performed ftm,exp = 0.5ftm,flex
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Ref.
bf lb tf Ef Fiber(a)
bm hm Support fcm ftm,exp
(c) Fmax
[mm] [mm] [mm] [GPa] [mm] [mm] material(b) [MPa] [MPa] [kN]
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.2
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.3
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.3
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.9
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.2
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.1
50 160 0.120 84 G 120 55 B new 19.8 1.8 3.7
50 160 0.120 84 G 120 55 B new 19.8 1.8 3.8
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.0
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.0
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.7
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.5
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.6
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.7
50 160 0.120 84 G 120 55 B new 19.8 1.8 6.9
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.7
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.8
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.9
50 160 0.120 84 G 120 55 B new 19.8 1.8 6.2
50 160 0.120 84 G 120 55 B new 19.8 1.8 3.8
50 160 0.120 84 G 120 55 B new 19.8 1.8 3.9
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.9
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.0
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.0
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.2
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.6
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.7
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.5
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.5
50 160 0.120 84 G 120 55 B new 19.8 1.8 4.6
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.0
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.3
50 160 0.120 84 G 120 55 B new 19.8 1.8 5.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.2
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.4
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.5
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.6
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.1
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.0
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.1
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.2
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 3.8
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.8
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.4
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.8
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.4
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.0
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.1
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.2
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.4
Table D.1 continues in the next page
(a) C = Carbon, G = Glass, B = Basalt, S = Steel
(b) B old = Ancient brick, B new = Recent brick, NS limes. = Leccese like stone or limestone, NS tuff = Tuff
(c) where splitting test was performed ftm,exp = 0.9ftm,split; where flexural test was performed ftm,exp = 0.5ftm,flex
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Table D.1 continued from previous page
Ref.
bf lb tf Ef Fiber(a)
bm hm Support fcm ftm,exp
(c) Fmax
[mm] [mm] [mm] [GPa] [mm] [mm] material(b) [MPa] [MPa] [kN]
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.0
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.4
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.0
50 160 0.140 88 B 120 55 B new 19.8 1.8 3.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.6
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.2
50 160 0.140 88 B 120 55 B new 19.8 1.8 3.1
50 160 0.140 88 B 120 55 B new 19.8 1.8 3.6
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.6
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.2
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 7.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 3.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 3.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.4
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.9
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.4
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.7
50 160 0.140 88 B 120 55 B new 19.8 1.8 5.8
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.4
50 160 0.140 88 B 120 55 B new 19.8 1.8 4.5
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.1
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.3
50 160 0.140 88 B 120 55 B new 19.8 1.8 6.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.9
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.3
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.1
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.1
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.9
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.0
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.9
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.9
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 4.1
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.9
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.4
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.0
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.9
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.3
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.8
Table D.1 continues in the next page
(a) C = Carbon, G = Glass, B = Basalt, S = Steel
(b) B old = Ancient brick, B new = Recent brick, NS limes. = Leccese like stone or limestone, NS tuff = Tuff
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198
Table D.1 continued from previous page
Ref.
bf lb tf Ef Fiber(a)
bm hm Support fcm ftm,exp
(c) Fmax
[mm] [mm] [mm] [GPa] [mm] [mm] material(b) [MPa] [MPa] [kN]
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.1
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 9.9
50 160 0.170 234 C 120 55 B new 19.8 1.8 10.3
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.4
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.1
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.5
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.3
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.5
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.4
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 4.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.1
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.3
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.8
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.0
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.0
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.5
50 160 0.170 234 C 120 55 B new 19.8 1.8 7.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 8.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 5.7
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.0
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.2
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.6
50 160 0.170 234 C 120 55 B new 19.8 1.8 6.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 5.7
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.5
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.7
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.5
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.1
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.8
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.6
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.8
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.1
50 160 0.231 195 S 120 55 B new 19.8 1.8 9.5
50 160 0.231 195 S 120 55 B new 19.8 1.8 5.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 10.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.1
Table D.1 continues in the next page
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Ref.
bf lb tf Ef Fiber(a)
bm hm Support fcm ftm,exp
(c) Fmax
[mm] [mm] [mm] [GPa] [mm] [mm] material(b) [MPa] [MPa] [kN]
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 9.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.7
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.8
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.5
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.8
50 160 0.231 195 S 120 55 B new 19.8 1.8 9.6
50 160 0.231 195 S 120 55 B new 19.8 1.8 9.7
50 160 0.231 195 S 120 55 B new 19.8 1.8 5.8
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.1
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 12.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 12.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 13.9
50 160 0.231 195 S 120 55 B new 19.8 1.8 14.0
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.7
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.8
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.1
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.1
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.6
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.8
50 160 0.231 195 S 120 55 B new 19.8 1.8 9.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.1
50 160 0.231 195 S 120 55 B new 19.8 1.8 7.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.0
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.5
50 160 0.231 195 S 120 55 B new 19.8 1.8 9.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.4
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.7
50 160 0.231 195 S 120 55 B new 19.8 1.8 8.7
50 160 0.231 195 S 120 55 B new 19.8 1.8 10.2
50 160 0.231 195 S 120 55 B new 19.8 1.8 4.5
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.1
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.3
50 160 0.231 195 S 120 55 B new 19.8 1.8 6.6
[89] 80 150 0.165 234 C 100 100 NS limes. 26.0 2.0 8.9
80 150 0.185 246 C 100 100 NS limes. 26.0 2.0 9.1
80 150 0.185 246 C 100 100 NS limes. 26.0 2.0 9.4
80 150 0.165 234 C 100 100 NS tuff 5.0 1.0 8.1
80 150 0.165 234 C 100 100 NS tuff 5.0 1.0 7.9
80 150 0.185 246 C 100 100 NS tuff 5.0 1.0 9.0
80 150 0.185 246 C 100 100 NS tuff 5.0 1.0 7.2
80 150 0.165 234 C 200 100 NS limes. 26.0 2.0 9.5
80 150 0.165 234 C 200 100 NS limes. 26.0 2.0 9.4
80 150 0.165 234 C 200 100 NS tuff 5.0 1.0 9.2
80 150 0.165 234 C 200 100 NS tuff 5.0 1.0 10.5
[156] 50 150 0.130 230 C 100 100 NS limes. 3.7 0.2 5.0
50 150 0.130 230 C 100 100 NS limes. 2.3 0.2 3.9
50 150 0.130 230 C 100 100 NS limes. 2.2 0.2 4.7
Table D.1 continues in the next page
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Ref.
bf lb tf Ef Fiber(a)
bm hm Support fcm ftm,exp
(c) Fmax
[mm] [mm] [mm] [GPa] [mm] [mm] material(b) [MPa] [MPa] [kN]
50 150 0.130 230 C 100 100 NS limes. 2.9 0.2 4.3
50 150 0.130 230 C 100 100 NS limes. 4.1 0.2 4.7
50 150 0.130 230 C 100 100 NS limes. 4.4 0.2 4.8
50 150 0.130 230 C 100 100 NS limes. 3.5 0.2 3.9
50 150 0.130 230 C 100 100 NS limes. 3.5 0.2 4.0
50 150 0.130 230 C 100 100 NS limes. 2.9 0.2 4.2
50 100 0.130 230 C 100 100 NS limes. 4.2 0.2 4.9
50 100 0.130 230 C 100 100 NS limes. 2.9 0.2 4.3
50 100 0.130 230 C 100 100 NS limes. 3.4 0.2 4.4
50 100 0.130 230 C 100 100 NS limes. 3.8 0.2 4.6
50 100 0.130 230 C 100 100 NS limes. 3.2 0.2 4.1
50 100 0.130 230 C 100 100 NS limes. 3.6 0.2 3.3
50 100 0.130 230 C 100 100 NS limes. 3.7 0.2 4.7
50 100 0.130 230 C 100 100 NS limes. 3.3 0.2 3.4
[150] 50 120 0.170 240 C 140 35 B old 24.9 1.9 8.4
50 150 0.170 240 C 140 35 B old 24.9 1.9 8.5
50 180 0.170 240 C 140 35 B old 24.9 1.9 9.0
50 210 0.170 240 C 140 35 B old 24.9 1.9 9.0
50 290 0.170 240 C 140 35 B old 24.9 1.9 9.0
50 290 0.170 240 C 140 35 B old 24.9 1.9 9.0
50 150 0.170 240 C 120 55 B new 17.4 1.9 7.6
50 215 0.170 240 C 120 55 B new 17.4 1.9 8.5
50 240 0.170 240 C 120 55 B new 17.4 1.9 8.6
50 215 0.170 240 C 120 55 B new 40.2 1.9 7.4
50 230 0.170 240 C 120 55 B new 40.2 1.9 8.3
50 235 0.170 240 C 120 55 B new 40.2 1.9 9.7
50 240 0.170 240 C 120 55 B new 40.2 1.9 8.5
50 250 0.170 240 C 120 55 B new 40.2 1.9 10.2
[151] 50 200 0.172 124 G 120 55 B old 16.3 1.8 4.4
50 200 0.172 124 G 120 55 B old 16.3 1.8 4.5
50 200 0.172 124 G 120 55 B old 18.2 3.0 5.0
50 200 0.172 124 G 120 55 B old 18.2 3.0 6.3
50 200 0.172 124 G 110 60 B old 32.9 3.6 7.1
50 200 0.172 124 G 110 60 B old 32.9 3.6 7.3
50 200 0.172 124 G 127 50 B old 29.2 4.9 6.0
[148] 50 250 0.120 70 G 120 50 B old 15.4 1.6 3.7
50 250 0.120 70 G 120 50 B old 15.4 1.6 6.5
50 250 0.120 70 G 120 50 B old 15.4 1.6 6.5
50 250 0.120 70 G 120 50 B old 15.4 1.6 5.7
50 250 0.120 70 G 120 50 B old 15.4 1.6 7.5
[152] 100 300 0.164 230 C 250 110 NS tuff 3.8 0.4 22.8
100 300 0.164 230 C 250 110 NS tuff 3.8 0.4 19.1
100 300 0.164 230 C 250 110 NS tuff 3.8 0.4 18.1
100 300 0.164 230 C 250 110 NS tuff 3.8 0.4 18.9
100 300 0.480 81 G 250 110 NS tuff 3.8 0.4 19.3
100 300 0.480 81 G 250 110 NS tuff 3.8 0.4 22.5
100 300 0.480 81 G 250 110 NS tuff 3.8 0.4 18.1
100 300 0.480 81 G 250 110 NS tuff 3.8 0.4 16.4
100 300 0.480 81 G 250 110 NS tuff 3.8 0.4 17.2
[153] 100 200 0.165 230 C 206 260 NS tuff 2.0 - 10.0
100 200 0.165 230 C 206 260 NS tuff 2.0 - 15.0
[155] 80 150 0.165 245 C 100 100 NS limes. 31.0 3.9 9.8
[154] 80 150 0.165 234 C 100 100 NS limes. 24.0 3.3 9.5
80 150 0.165 234 C 100 100 NS limes. 24.0 3.3 11.5
80 150 0.165 234 C 100 100 NS limes. 24.0 3.3 11.6
80 150 0.165 234 C 100 100 NS limes. 24.0 3.3 11.0
80 150 0.370 81 G 100 100 NS limes. 24.0 3.3 6.2
80 150 0.165 234 C 100 100 NS tuff 5.5 0.8 9.8
80 150 0.370 81 G 100 100 NS tuff 5.5 0.8 7.8
80 150 0.165 234 C 100 100 NS tuff 4.1 0.4 12.8
80 150 0.370 81 G 100 100 NS tuff 4.1 0.4 11.0
Table D.1 ends from the previous page
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